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Large Language Models as Markov Chains

Oussama Zekri * !

Abdelhakim Benechehab 24

Abstract

Large language models (LLMs) are remarkably
efficient across a wide range of natural language
processing tasks and well beyond them. However,
a comprehensive theoretical analysis of the LLMs’
generalization capabilities remains elusive. In our
paper, we approach this task by drawing an equiv-
alence between autoregressive transformer-based
language models and Markov chains defined on
a finite state space. This allows us to study the
multi-step inference mechanism of LLMs from
first principles. We relate the obtained results to
the pathological behavior observed with LLMs
such as repetitions and incoherent replies with
high temperature. Finally, we leverage the pro-
posed formalization to derive pre-training and in-
context learning generalization bounds for LLMs
under realistic data and model assumptions. Ex-
periments with the most recent Llama and Gemma
herds of models show that our theory correctly
captures their behavior in practice.

1. Introduction

Large language models (LLMs) (Brown et al., 2020; Tou-
vron et al., 2023a) have reshaped the landscape of machine
learning and artificial intelligence. Trained on vast amounts
of data, they have reached unprecedented performance in
tasks such as machine translation (Brown et al., 2020), text
generation, question answering (Roberts et al., 2020), and
sentiment analysis (Zhang et al., 2023a), to name a few.
Pre-trained LLMs also exhibit an intriguing capability of
performing learning from the context, also called in-context
learning (ICL), without explicitly updating their parameters.

Despite all these remarkable achievements, the theoretical
justification for LLMs’ impressive performance remains elu-
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Figure 1: LLMs’ Sample Complexity. We plot the Massive
Multitask Language Understanding (MMLU) (Hendrycks
et al., 2021) performance with respect to the approximation
error e predicted by Proposition 4.1. We set N* equal to the
real number of pre-training tokens. Each point represents
a model from the Llama or Gemma families (Dubey et al.,
2024; Riviere et al., 2024). The approximation error € pre-
dicted by our theory correlates with the real performance,
with different trends between the models’ families.

sive. The two main reasons for this are 1) the complexity of
analyzing modern deep transfer-based architectures used to
train LLMs and 2) the non-iid nature of their pre-training
data. Prior works usually bypass these challenges by im-
posing simplifying assumptions. Such assumptions include
considering a shallow single-head transformer (Makkuva
et al., 2024), only self-attention mechanism (Ildiz et al.,
2024) or attention-only transformers (Edelman et al., 2024,
Jeon et al., 2024) when studying LLMs. The others are to
study the auto-regressive mechanism of the LLMs without
taking into account their architecture explicitly (Lotfi et al.,
2023; 2024; Xie et al., 2022). When the architecture is stud-
ied in full generality (Li et al., 2023; Zhang et al., 2023b), it
is also common to relax the non-iid assumption by a certain
predefined Markovian process.

This work provides a unified theoretical analysis of LLM’s
inference, pre-training, and ICL under realistic assumptions
on model architecture and pre-training data. Our core idea
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Method Pre-Train. ICL Input Model-Dep. Exp. val.
(Xie et al., 2022) X v HMM X v
(Zhang et al., 2023b) v v MC v X
(Li et al., 2023) v v MC v v
(Lotfi et al., 2024) v X non-iid X v
Ours v V' non-iid v v

Table 1: LLMs generalization bounds proposed in the lit-
erature. Pre-train. stands for pre-training; Input refers to
the assumptions on the data generating process (Markov
Chains (MC); Hidden Markov Model (HMM); Model-dep.
means explicit dependence on model’s architecture; Exp.val.
stands for the experimental validation of the theory.

is to note that despite the seemingly infinite generation ca-
pacity of LLMs, their vocabulary and context window are
finite, making all possible input and output sequences count-
able. This leads to an intuitive, yet overlooked, approach
that interprets LLMs as Markov chains whose transition ma-
trix operates on a finite state space of such sequences (see
Fig. 2). The generalization of LLMs is then their capacity
to learn the transition probabilities of language itself.

Main contributions. Our contributions can be summarized
as follows.

1) We characterize the inference mechanism of any LLM
as a finite-state Markov chain. This provides a deeper
understanding of LLMs’ generation behavior and sheds
new light on some of their pathological behaviors.

2) We prove sample complexity bounds for deep
transformer-based LLMs pre-trained on non-iid data.
They are more general than existing results (see Table |
for a full comparison with the literature) and are verified
in practice on the Llama and Gemma herd of models
from 2B to 27B (see Fig. 1 and Section 4).

3) We derive ICL generalization bounds when LLMs are
prompted with Markov chains. We validate our results
by showing that the most recent open-source LLMs obey
the in-context scaling laws predicted by our theory.

Organization of the paper.  Section 2 provides back-
ground material on transformer-based autoregressive LLMs
and Markov chains. In Section 3.1, we formalize the multi-
step inference mechanism of a pre-trained LLM as a Markov
chain. In Section 4, we study how a deep transformer-based
LLM learns this inference mechanism through pre-training
on non-iid data using the formalism of Marton couplings
and also extend the obtained results to the ICL setting. We
verify them through a set of experiments in Section 5.

2. Background Knowledge

We recall some facts about Markov chains (Paulin, 2015;
Roberts & Rosenthal, 2004) and LLMs. More notations and
background materials are available in Appendices A to C.

Markov chains.  Let ) be a discrete finite set of size
|2]. A discrete-time, time-homogeneous Markov chain
MC(£2, Q) defined on a state space {2 = {xl}‘f:zll with tran-
sition matrix Q € RI¥I*1@l with entries Q;; = Q(z;,z;) €

[0, 1] is a sequence of random variables (X1, X5, .. .) taking
values in 2 such that for any n € N and (x1,...,%,11) €
Q"1 we have

P(Xn+1 = .’lj‘n+1 | Xn = Tn,y--- 7X1 = xl)

= ]P)(XnJrl = Tn+41 | X, = xn)

= Q(xnvmn-‘rl)'

A distribution 7 on () is called stationary if 7Q =
m. For any z € Q, MC(Q,Q) converges to m if
lim,, 00 d7v(Q™(2,-), ) = 0, where Q"(z,-) denotes
the probability of X,, conditioned on X; = x and the to-
tal variation between two distributions P and Q, defined
on (2, F), is drv(P,Q) = supycr|P(A) — Q(A4)]. We
recall that the mixing time ¢y« (¢) of a Markov chain is the
minimal time needed to be e-close to its stationary distri-
bution (see Definition C.8). Intuitively, a Markov chain
mixes slowly when it remains close to the initial state after
a given number of steps and doesn’t explore its state space.
A Markov chain with rapid mixing quickly forgets its initial
state and transitions more easily to a wider set of states.

Large language models. Let V denote a dictionary of
size T, referred to as the vocabulary size, used to encode an
arbitrary sequence into a sequence of predefined tokens be-
longing to V. We assume that our model admits a maximum
of K tokens as input, referred to as the context window of
the model. The domain of the transformer-based autore-
gressive LLM is the set of all sequences consisting of at
most K elements of V. We denote this space by Vi, i.e.,
Vi == {v € V* |v| < K} with |v| the length of v. We
define an LLM with trainable parameters ® as a function

& Vi — A(V), where A(V) is the probability sim-
plex over V. Given a sequence of tokens v, fg’K outputs a
probability distribution over the whole state space indicat-
ing the likelihood for each of its elements to appear after v
(see Appendix B for more details). Noting that an LLM is
defined for a given vocabulary size T and context window
K, we will drop the exponents and simply write fe to ease
the notations. We consider a setting where the learner’s
objective is to approximate the probability distribution of
sequences over an input vocabulary P, : P(V},) — [0,1]
where P(V},) denotes the powerset of V};. We also assume
the existence of a constant ¢y > 0 such that for any n € [N]
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Figure 2: LLM as a Markov chain. A large language model with vocabulary size 7" and context window K is equivalent to
a Markov chain with a sparse and block-structured transition matrix of size Y, - T% ~ O(TX). The latter captures all
possible outputs of a given LLM for all possible input sequences allowed by its vocabulary and context window.

and (21,...,Tp41) € Q*HL,

Pﬁ(Xn+1 = .’L‘n+1 ‘ Xn = .’L‘n,...,Xl = ,CCl) Z Co- (1)

This is a common assumption used in (Wies et al., 2024;
Xie et al., 2022; Zhang et al., 2023b).

Transformer model.  Without loss of generality, fe is
assumed to be a transformer model with L layers and H
heads, consisting of alternating multi-head attention (MHA)
and feed-forward blocks (more details in Appendix B). The
first layer receives an input S(©) = S embedded in an 7-
dimensional space. To obtain a probability distribution on
the vocabulary V, the output S(&) € R"*7' of the final layer
is projected back to the vocabulary size by an “unembed-
ding layer” Wy, € RT*" and averaged over the columns
to obtain a vector in R”. A softmax layer is finally ap-
plied to obtain the probability distribution of the next token
Po(-|S) = softmax(:LWyS"1,) € Ar, where ©
denotes the parameters of the entire network and 7 is the
softmax temperature (Hinton, 2015). Unless otherwise spec-
ified, we assume that the unembedding layer is bounded.
The classes of parameters and neural networks it gener-
ates respectively write W = {@ s.t. [W[||2.1 < By} and
F={fest ®cW}

3. Large Language Models as Markov Chains

To proceed, we formally define a Markov chain that explic-
itly captures the inference of a given LLM fg. We build
upon a high-level idea that associates a tokenized input se-
quence with a state v;, from which we transition to a new
state v; = [v;,v] by concatenating the token v predicted
by an LLM to it. We then provide a theoretical character-
ization of this Markov chain. Our analysis holds for any
model with finite fixed vocabulary, and context window.
This setup includes deep transformer-based LLMs while
excluding models such as RNNs and LSTMs.

3.1. Markov Chain Formalization

We first introduce the notion of “incompatible sequences”
in the sense of next-token prediction.

Definition 3.1 (Incompatible Sequences). Let u,v €
Vi be two sequences of at most K tokens. We say
that v is incompatible with u if v cannot be a plausible
completion of u, that is

Ne{l,... |ul =1}, st (w1 # (). ()

We denote by T the set of incompatible sequences, i.e.,
7 = {(u,v) s.t. v is incompatible with u}.

The order matters since a necessary condition for v to be
compatible with w is that v has as many or one more token
than u. We now proceed with the definition of the transition
matrix associated with an LLM fg.

Proposition 3.2. Any large language model fg
can be equivalently represented by a Markov chain
MC(Vi, Qy), with a sparse transition matrix Qs €
RV XVl that writes for any v, v; € Vi

0, if (vi,v;) €L
{fe(vi)}jo,
where jqo denotes the index in V of the last token of v;.

We have V3| = T(T¥ —1)/(T — 1) and the propor-
tion of non-zero elements in Qg is (T — 1)/(T* —1).

otherwise,

Qy(vi, v5) —{

Proposition 3.2 states that if v; is incompatible with v;, then
the probability to go from the state v; to v; is zero as LLM
only transitions between compatible sequences. For such
compatible sequences, the probability of going from v; to
v; is naturally the next-token probability associated with the
last token of v;, i.e., { fe (vi)},-
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Example: binary sequences. To help unpack Proposi-
tion 3.2, we illustrate it with 7' = 2 and K = 3 in Fig. 3
(see the general case in Fig. 2). Here, we start with an input
prompt consisting of one token. We then transition to se-
quences of increased size, while attributing a 0 probability
to incompatible sequences. Each generation step for differ-
ent values of k < K defines green rectangular blocks of
size T* x T**+1 in the transition matrix Q.
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Figure 3: Proposition 3.2 with T = 2 and K = 3.

Reaching the blue square block in the transition matrix
means that the input sequence is of the maximum size K.
The model can no longer append tokens to it and has to
delete the first token to proceed. This blue block is of size
TX x TK: it captures transitions between sequences of the
maximum admissible length. We define similarly the refer-
ence transition matrix Q* of the language where the proba-
bility of transitions { fe (v;)}, are replaced by ground-truth
probabilities Pz (v; | v;). Touse Qy as fe, it is sufficient to
define an input distribution &y of the Markov chain based on
input prompt v. It is a one-hot encoding vector of size |V}, |
with 1 at the position of the state corresponding to v. Then,
the transition to the next state writes ;1 = doQ . The output
of fe(v) for individual tokens in V would then correspond
to probabilities in d; for states that are concatenations of v
with T" tokens from V. This process is illustrated in Fig. 3.
We study the properties of MC(V},, Q) below.

Proposition 3.3. Let MC(V},, Q) be a Markov chain
defined in Proposition 3.2. Then MC(V;, Qy) is er-
godic and admits a unique stationary distribution.

The proof builds on showing that such a Markov chain has
at most one recurrent class (blue block in Fig. 2) plus some
additional transition states (green blocks in Fig. 2). We now
characterize how many times one should apply Q; to the
input to reach the stationary distribution.

Proposition 3.4. Let MC(V};, Q) be as in Proposi-
tion 3.3 and e = (1,1,...,1)T. Then we have that

lim, o0 Q}L = e, where T is the stationary distribu-
tion of the recurrent class X of states, expanded by 0’s
for each transient state of the unichain. Moreover, for
alln > K,

|(Q}L)i,j —(em); ;| < (11— QS)L%J—l7

h = mi B4 0.
where & i;[él;Q{(Qf )i} >

The stationary distribution is the long-term equilibrium of
the multi-step inference of an LLM. While its true value is
intractable because of the size of V., we discuss below the
implications of Proposition 3.4 for LLMs.

1. Looping. The stationary distribution is independent
of the initial state (i.e., input prompt), and reaching
it should send the LLM into a deterministic loop of
repetitions. This behavior is well known and occurs
frequently in practice with many existing LLMs (Ivgi
et al., 2024), requiring adding a repetition penalty.

2. Temperature and coherence. Increasing tempera-
ture of the model leads to a decreasing coherence of its
outputs as measured by perplexity (Peeperkorn et al.,
2024). Temperature, in turn, impacts ¢ (the smallest
element of the K™ power of the transition matrix), as it
modifies the probabilities of the predicted next tokens.
Consequently, increasing the temperature increases the
speed of convergence to the stationary distribution mak-
ing the output less coherent. We illustrate this on a toy
example below.

3.2. Illustration on a Toy Model

We illustrate the results of Section 3 on a toy model trained
on a sequence of Os and 1s. Here, each subsequent token is 0
if the sum of three previous tokens is even and 1 otherwise.
Therefore, T' = 2 and K = 3. We generate a sequence
of 40 digits, resulting in 37 distinct supervised examples,
and train a small “GPT-like” model (Karpathy, 2023) on
it. We extract the logits from the model by prompting it
with all possible combinations of Os and 1s of length less
than three to obtain the transition matrix Qs € R14x14
depicted in Fig. 4(a). The transition matrix’s structure (e.g.,
presence of transient and recurrent classes) matches the
one presented in Fig. 2. Fig. 4(b) displays the stationary
distribution of the trained model obtained by raising Q to
power 105, We note that it has a strong bias toward seen
training samples in accordance with our intuition behind the
stationary distribution presented earlier. Finally, Fig. 4(c)
illustrates the convergence rate of the toy model, predicted
by Proposition 3.4, and compares it to models with larger
dictionary size 1" and context window K. In Fig. 4(c), we
set ¢ = 107% and note that this parameter reflects the ability
of the LLM to explore the state space.
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Figure 4: Markov chain with a small GPT-like model. (a) Transition matrix Q ; of the model where [] denotes the examples
from the training set. (b) The stationary distribution of the trained model assigns almost uniform probabilities to the states
seen during training. (c) Convergence rate to the stationary distribution for the considered toy model along with three LLMs,
highlighting the dependence on K. The y-axis is the upper bound in Proposition 3.4.

Role of the temperature. To better illustrate the role of
€, we now plot the transition matrix of the studied Markov
chain obtained when applying different temperature scaling
to the logits returned by the trained model. As the tempera-
ture is commonly linked to the ability of LLMs to transition
more freely to a large set of states (Chen & Ding, 2023),
we expect that lower temperatures should negatively im-
pact the convergence speed to the stationary distribution.
In Fig. 5(a), we show that for a low temperature (0.2), the
Markov chain mixes slowly and is unable to reach its sta-
tionary distribution (same line in the transition matrix as in
Fig. 4(c)) even after 106 steps. In the case of a more com-
monly used temperature equal to 1 (Fig. 5(b)), the model
requires only 300 steps to converge. Finally, setting the
model’s temperature to 2 (Fig. 5(c)) makes the convergence
extremely fast, reaching the stationary distribution after only
30 steps. The interplay between € and the model’s temper-
ature is displayed in Fig. 5(d), increasing the temperature
leads to a drastic improvement in the convergence speed.

We have demonstrated that any autoregressive transformer-
based LLM admits an equivalent Markov chain formulation.
This equivalence connects nicely to some of the pathologi-
cal behaviors of LLMs observed in practice. We will now
use this formalization to provide a fine-grained analysis of
LLMs’ generalization capabilities that may be of interest to
both theorists and practical users.

4. Sample Complexity and Generalization

We now study the generalization of an LLM fg as its capac-
ity to infer correctly all the elements of Q ¢, while approxi-
mating the true reference matrix of transition probabilities
Q*. The hardness of this task is highlighted by the fact
that an LLM observes a negligible amount of Q*’s elements
during its pre-training. Indeed, for GPT-3 (Brown et al.,

2020), this represents 5 x 10! training tokens, which pales
in comparison with the number of non-zero elements in Qy,
given by TK+1 ~ 109632, In this section, we determine
the number of pre-training tokens required to be e-close
to perfect generalization. This result stems from a novel
pre-training generalization bound on non-iid random vari-
ables in Section 4.2. We extend this bound to the in-context
learning in Section 4.3.

4.1. Main Result: Pre-training Sample Complexity

Non-iid data. We denote by X = (Xy,...,Xp,,...) the
Nirain tokens in V that fg observes during pre-training.
The training sequences of tokens can be written as S,, =
(Xy,...,Xp)ifn < Kand S;, = (Xpn—kg41,---5Xn)
otherwise due to the deletion process (see Definition B.2).
In particular, the S,, are elements of Vj.. We assume that
the pre-training data S = (Si,...,Sn,,.,,) 1S a sequence
of dependent random variables with a mild coupling struc-
ture, namely that a Marton coupling with mixing matrix IT"
exists for S = (Sy,...,Sn,,.,,) (more details on Marton
coupling can be found in Appendix C.3). This ensures that
our setting remains very broad as it subsumes the case of
independent variables, m-dependent variables, language bi-
grams (Bietti et al., 2023), and the Markov chain setting
considered in state-of-the-art ICL analysis of LLMs (Hu
et al., 2024; Zhang et al., 2023b).

We state our main result on the pre-training sample complex-
ity below. The proof is deferred to Appendix F.4.

Proposition 4.1 (Sample complexity). Let § € [0, 1]
and ¢ > 0. Assuming a perfect pre-training of fe
and Nipain pre-training tokens with Ny > N* =
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(4322 log (%ﬂ, we have with probability at least 1 — 6,

IESN]P’L ”Q*(Sv ) - Qf(sv )”1 S €

where
B = 2||T|| max{log (T) + 2By /7,1og (1/co) }*/?

is a model- and data-dependent constant.

Proposition 4.1 shows that the number of pre-training tokens
needed to achieve a good approximation mostly depends
on the problem’s parameters captured by B. This constant
includes two main ingredients. On the one hand, it accounts
for the model’s architecture: the context window size K, the
temperature scaling of the output logits 7, and the norm of
the unembedding layer By;. On the other hand, it captures
— via the mixing matrix I' — how interdependent the tokens
are, including the special cases of iid data (||T'|| = 1) and
strongly dependent sequences of tokens. Thus, the bound is
both model and data-dependent, contrary to the previously
proposed non-vacuous bounds of Lotfi et al. (2024) where
the model’s architecture was not fully taken into account.

Practical insights. Proposition 4.1 can be used to
predict how well an LLM understands language given a
fixed number of pre-training tokens. Letting Niyain =
N* in Proposition 4.1 leads to an approximation error
2B
Nerain
B ~ 2(log (T) + 2T+/r/7)'/2, we can verify the cor-
relation between e and the reported performance of the
Llama (Dubey et al., 2024; Touvron et al., 2023a;b) and
Gemma models (Mesnard et al., 2024; Riviere et al., 2024)
(see Appendix E.1.1 for the experimental details). We use
the values of T', r and Ny;ain given in the technical reports
of the open-source LLMs and plot the MMLU performance
with respect to the approximation error € in Fig. 1. This
shows that our theory is model-specific as it results in dis-
tinctly different trends for the Llama and Gemma models.

€ = log (%) Since B can be approximated as

The difference is due to the larger 7' of the Gemmas that
compensates for the generally smaller embedding dimension
r and leads to higher values of B. The predicted approxima-
tion error correlates with the performance for each family of
models: the larger the predicted error, the worse the models
perform. Finally, we note that in this work we didn’t esti-
mate the norm of the Marton coupling as it requires access
to the pre-training data. Studying this quantity and its ap-
proximation is of independent interest and we leave it for
future work.

4.2. Pre-Training Generalization Bound

Our main result on sample complexity is derived from the
generalization bound that we present below.

Risk definition. = We recall that for any n > 1, the true
probability of next token X,, 1 given a past sequence S,,
isPe(- | Sp) € Ar and the probability estimated by the
model is denoted by Pg(- | S;,). Following the Markov
chain formalization introduced in Section 3.1, we define the
theoretical and empirical risks for any ® € W as

R(©) = Egp,[drv(Q"(S, ), Qs(S, )]

. N 3
R(Q) = %ZdTV(PL( ‘ Sn)7P@( | Sn))' ( )
n=1

Formally, the expected risk can be written as

R(@) = ]ESN]P‘L [dTV(Q*(S7 ')a Qf(87 ))]
= Es~p,[drv(Pc(- | S),Pe(-|S))]

~

=E[R(O)].

The generalization problem consists of bounding the differ-
ence R(®) — R(O).

Remark 4.1 (Choice of risk). Our risk definition departs
from empirical risk minimization commonly used in statis-
tical learning theory (Bach, 2024; Marion, 2023; Redko
et al., 2019; Vapnik, 1999). To assess how well the model
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Figure 6: In-context scaling laws. The risk R as functions of N;.j, with 95% confidence intervals. (a) Risks for different
LLMs along with the scaling law of Theorem 4.3. (b)-(c) Risks with Mistral 7B vO0.1 for random 3-state transition
matrices and different ¢,,;,, as functions of Ni. and Nic1/tmin-

estimates the probability distribution of the next token, we
follow (Hu et al., 2024; Zhang et al., 2023b) and study the
TV distance used in learning and identity testing of Markov
chains literature (Wolfer & Kontorovich, 2019; 2023). Ap-
pendix E.3 provides extended results with the KL divergence.

Generalization bound.  We denote the risks by Rpre (@)
and ﬁpre((a) to indicate that we take N = Ny,nin in Eq. (3).
Below, we state a generalization bound on the estimation
risk of pre-training (see Appendix F.5 for the proof).

Theorem 4.2 (Pre-training generalization bound).
Consider an LLM fo € F. We denote by T the
mixing matrix of the pre-training sequences of tokens
(S1,-.-, SNyain)- Let 0 < & < 1, then with probability

at least 1 — 6,
2
1 2
ox (3).

where B is the constant of Proposition 4.1 and writes

_5

Rpre(©) < Rpre(©) +
P() p()\/m

B = 2||T|| max{log (T) + 2By /7,log (1/c)}/?

The obtained result has a desirable dependency on the
amount of the pre-training data O (Nt;;if). Additionally, it
showcases an interplay between the model architecture and
the unknown reference constant cq. If By = O(T+/r) (due
to the normalization of the unembedding layer), then the
model’s hidden dimension 7 and vocabulary size T' should
be large enough to ensure log(T") + 2By /7 > log(1/co).
Below this threshold, the architecture of fg is not expressive
enough to have any tangible impact on its generalization,
although it may affect the training error Rpye(©).

4.3. In-Context Learning of Markov Chains

Although insightful, the analysis presented above is related
to the pre-training of LLMs — a process that is hard and ex-
tremely costly to reproduce in practice. Similarly, we do not

have access to the ground-truth matrix Q* to reason about
LLM’s ability to infer it in practice. To provide theoretical
results that can be confirmed experimentally, we now turn
our attention to ICL on Markov chains: a setup where one
feeds a pre-trained LLM with an input sequence formed by
a Markov chain of size N deﬁneAd over a state space {2 of
size d'. The risks Ri.(©) and R;.(©) are then defined
similarly to Eq. (3) where transition kernel P of the Markov
chain replaces the language reference distribution P, and
we have N = Nj (see Appendix F.7 for more details).
To relate the generalization error to the pre-training error,
we quantify the discrepancy between an LLM pre-trained
mostly on textual data, and a hypothetical LLM with pa-
rameters in Wy, that is pre-trained on a dataset of Markov
chains with the same data distribution as the Markov chain
used as an input during in-context inference. We define the
divergence between two models with weights ®1, ®, and
estimated probability distributions Pg, , Pe, as

N
K(©1,05)= 1> Es, [drv(Po, (- | S,), Po, (- | S.))]

n=1

The operator K is akin to a distance (the separation prop-
erty is only verified almost surely, see Appendix C.4 for
more details). The next result, whose proof is deferred
to Appendix F.7, provides a generalization bound on the
in-context learning phase.

Theorem 4.3 (In-Context Learning generalization
bound). Consider an LLM fo € F. We pro-
vide as input of fe a d—state Markov chain X =
(X1,..., Xy, ). The sequence of subsequences of the
first n terms is denoted by S = (S1,...,S,). S is also
a Markov chain, and we denote by tuix () its mixing
time. Let tyin = info<c<1 tmix(g)(%E)Q. Let 6 > 0.

1—¢

'This is different from another variation of ICL where su-
pervised (z,y) pairs are provided in-context. Rather, the super-
vision is provided by observing transitions between states (z;,
zi+1 = f(x:)) as discussed in (Li et al., 2023, Fig.1).
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Then, with probability at least 1 — 6,

Ria(®) < inf {Ria(d) + K(9,©)}

“4)
5 tmin 2
+ B N, log <5) ,

with a constant depending on the problem’s parameters
B = 2max{log (d) + 2By /7, 10g (1/pmin) } /2.

We note that instead of ||T'|| seen before, we now have an
explicit dependency on t,,;,, which is related to the mixing
time of the input Markov chain. This, together with the
availability of the ground-truth transition matrix, allows us
to use Theorem 4.3 to verify experimentally the in-context
learning scaling laws for popular LLMs. Theorem 4.3 also
suggests that an LLM pre-trained on diverse data sequences
different from Markov chains should exhibit a certain degree
of invariance to correctly infer the transition probabilities
of the latter. This is reminiscent of the domain adaptation
bounds (Redko et al., 2019) that commonly involve a dis-
tribution shift (i.e., a distance or a divergence) term that
vanishes if the model is invariant to classes of transforma-
tions linking the distribution of the input data with that of
test data. A recent success of LLMs in time series analy-
sis (Gruver et al., 2023) suggests that this term may be small
for certain types of data not used during pre-training.

Finally, we note that Theorem 4.3 implies that the LLM’s
ability to learn Markov chains exceeds the frequentist
method” (Wolfer & Kontorovich, 2019) that consists of
counting the occurrences of different states to fill in the
matrix Q. This is experimentally confirmed in Fig. 7 of
Section 5 (more details in Appendix E.1.2).

5. Numerical Experiments

We now evaluate the ability of recent LLMs, namely
Mistral 7Bv0.1 (Jiang et al., 2023), Llama2 7B &
13B (Touvron et al., 2023b), and Gemma 2B (Mesnard
et al., 2024) to infer transition probabilities of Markov
chains in-context based on Theorem 4.3. We associate each
state in the d-state Markov chain with a token from the set
{0,...,d — 1}, concatenated to obtain a prompt of length
Nic1. We add comas whenever necessary to ensure that
each state is tokenized separately. Details on the experimen-
tal setup and experiments with more Markov chains and
Llama3.2 (Dubey et al., 2024) are in Appendix D.1.

Dependence on Nj.;. We first analyze the effect of N;q
on the risk calculated for a randomly generated 3-state
Markov transition matrix. From the results presented in

2To the best of our knowledge, this is the only existing approach
of Markov chains learning with theoretical guarantees.

Fig. 6 (left), we note that L1ama2 models deviate from
our O(N, i;ll/ 2) theoretical scaling law, while most recent
models (Mistral and Gemma) stay much closer to Theo-
rem 4.3, similarly to what was observed by Cabannes et al.
(2024). Being randomly generated, the Markov chains pro-
vided to the models have not been seen during training, and
older (weaker) models naturally struggle to generalize.

Dependence on ¢,,;;,. Theorem 4.3 states that Markov
chains with slow mixing (higher ¢.,;,) are slower to learn.
We now plot the true risk for a single model with differ-
ent values of t,,;, highlighting in Fig. 6 (right) a two-stage
regime of ICL. In a first stage, the bound in Eq. (4) is domi-
nated by \/tmin/Nia for small Ni., and depends strongly
on tmin, while the scaling law O(Ni;l 2) dominates as N
increases beyond N =~ 20.

Dependence on d. We now verify Theorem 4.3 for
Markov chains with a different state space size (previously
d = 3). We also consider a baseline given by the frequentist
method mentioned before. For the latter, its dependence on
d behaves like O(4/d/Ni.1) (Wolfer & Kontorovich, 2019),
while Theorem 4.3 gives O(y/log(d)/Nic1). For Markov
chains with a small number of states d, there is no clear
difference between the frequentist estimator and a LLM.
However, as d grows the frequentist estimator struggles to
estimate the transition matrix due to the O(v/d) scaling
factor. This is verified experimentally in Fig. 7, where we
vary the parameter d from 3 (left) to 700 (right). We ob-
serve that the LLM follows the theoretical neural scaling
law O(Ni;l/ %) and outperforms the frequentist method for
d = 700, while being close to it for d = 3. We conclude
that our analysis gives theoretical insights on the ICL neural
scaling law observed empirically in (Liu et al., 2024). The
additional experiments conducted in Appendix D.5 show
that our bounds remain valid for large values of d.

Error R,
Error Riq

4
A
Q
~
N

Frequentist
—— Gemma 2B -

10 10t 102 10°
|

100
Context Length Nig Context Length Ni¢

Figure 7: Impact of the number of states. We plot the
risks R as functions of Nj. for Gemma 2B and the fre-
quentist approach (Wolfer & Kontorovich, 2019) with 95%
confidence intervals. Left. The input sequence is a ran-
dom 3-state Markov chain. Right. The input sequence is a
Brownian motion discretized as a 700-state Markov chain,
similarly to Liu et al. (2024).
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6. Conclusion

This paper proposed an explicit characterization of the infer-
ence mechanism in large language models through an equiv-
alent finite-state Markov chain. We provided an insightful
theoretical analysis based on the established characteriza-
tion and the ability of the LLM to infer the transition kernel
approximating the true transition probabilities of language.
Experiments on commonly used LLMs validate our findings.
We adapted our results to in-context learning where exper-
iments confirm our theoretical insights. In the future, we
hope that the proposed equivalence will have far-reaching
implications on our understanding of LLMs and allow for a
more fine-grained understanding of their expressiveness.
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Appendix

Roadmap. In Appendix A, we first recall our notations. We provide additional details on large language models and
transformers in Appendix B. Important notions and definitions related to Markov chains and Marton couplings are given
in Appendix C. The detailed proofs of our theoretical results are given in Appendix F. Finally, we provide additional

experiments in Appendix D.
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Large Language Models as Markov Chains

A. Notations

We denote {1,---, N} as [N]. We represent scalar values with regular letters (e.g., parameter \), vectors with bold
lowercase letters (e.g., vector x), and matrices with bold capital letters (e.g., matrix A). The i-th row of the matrix A is
denoted by A, its j-th column is denoted by A ; and its transpose is denoted by by AT. The identity matrix of size n
is denoted by I,, € R™*™. The vector of size n with each entry equal to 1 is denoted by 1,,. We denote by ||A||, 4 the
L,, , matrix norm where the p-norm is over columns and the ¢g-norm is over rows. We denote by ||A|| the operator norm of
A induced by the /5 norm and by || A |, = max;;|A,;| the operator norm induced by the ¢,-norm. Similarly, x " is the
transpose of the vector x and ||x||,, is its £,-norm. The total variation between two probability distributions IP, QQ is denoted
by drv (P, Q). The term “almost surely” is denoted by the notation “a.s.” while the term random variable is denoted by the
notation “r.v.”. A, == {p € [0,1]"| >/, p; = 1} is the probability simplex of R".

B. Background on Large Language Models

We first recall important notions regarding large language models before focusing on the most widely used ones, namely the
transformer-based LLMs. We describe the components of the vanilla transformer architecture before describing the whole
network at the heart of such a model and formally defining the class of parameters and neural networks considered in our
work.

B.1. Token Generation and Deletion Process

In this section, we recall how the sequences of tokens are processed by the large language model notably regarding the next
token generation and the deletion process.

Definition B.1 (Generation process). Given an input s € Vj. of size p, an large language model outputs a probability
mass function fg’K(s) over the discrete vocabulary space. A next token x is then sampled from fg’K(s), to construct
a new sequence (s, x) of sizep + 1.

Generation can be repeated by considering (s, x) as new input sequence and iterating this process. Since these models are
designed to handle only sequences of size at most K, a deletion process is required.

Definition B.2 (Deletion process). Given an input s of size p > K, an large language model outputs a probability
mass function fg’K(s K ) where sk is a truncation of K tokens of the sequence s. Large language models implement
front truncation, which is done by setting sy as the last K tokens of s.

As shown in Fig. 8, only the last K tokens of a long input sequence are used. This is why we speak of deletion, since we
ignore the first tokens.

{ '
ol T2 zs3 Ty
\ 7
{ '
T T2 z3 Ty Ts Tg Z7 g Zg Z10
\ 7

Figure 8: Deletion process, front truncation. A large language model with context window K = 7 in navy blue, processing
sequences of different lengths. Top. A sequence of length 4. Bottom. Front truncation of a sequence of length 10.

Note that it is possible to implement other kinds of truncation, but large language models usually do not (Brown et al., 2020;
Touvron et al., 2023a), however, in models like BERT (Devlin et al., 2019), which are not autoregressive, back truncation as

described in Fig. 9 is also an option.
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~

Z1 €2 x3 T4 X5 T6 g xg Z9 Z10

7

Figure 9: Back truncation. A large language model with context window K = 7 in navy blue, processing back truncation
of a sequence of a sequence of length 10.

B.2. Autoregressive Transformer-Based LL.Ms

The most popular autoregressive LLMs rely on the transformer architecture (Vaswani et al., 2017) which we describe below
following (Brown et al., 2020; Edelman et al., 2022; Zhang et al., 2023b). An autoregressive transformer-based LLM takes
as input a sequence of length n, with n < K and K is the context window, tokens with values in a vocabulary V of size T'.
The tokens are embedded into a r-dimensional space and the input can be written as S € R"*". We consider a transformer
model with L layers and h heads. The output of the /-th layer writes S(©) and is fed as input of the (¢ + 1)-th layer. The
input of the whole model is S(?) = S. Below, we describe the operations performed by the model, including the embeddings
of the tokens.

* Token embeddings. The tokens are embedded in a r-dimensional space via an embedding layer W g which results in an
input of the form S"*";

* Positional embeddings. (Learnable) positional embeddings are added to each token depending on its position in the input
sequence. This breaks the permutation-invariance of the transformer architecture and leads, by abuse of notation, to an
output S € R"™*";

* Multi-head attention (MHA). Given an input sequence S € R"*", query, key, and value matrices W, Wg, Wy €
R"*" (here the value and output matrices are merged for ease of notations), the self-attention module computes

A(S; Wo, Wi, Wy) = softmax(WQS(WKS)T/\/F) (Wy'S) € R™™,

with softmax: x € R™ — exp(x)/ ), exp(x); € A,. The operation described below corresponds to single-head
self-attention. In practice, multi-head attention (MHA) is used with [ heads and the query and key matrices are in R# X #
and the value matrix is in R# %" (, H are taken such that 77 1s an integer). The MHA module concatenates on the row
dimension the outputs of A for each head and then projects it back to the embedding dimension » with an output matrix
W € R™*", By abuse of notation, we also denote by A this operation which results in an output of dimension r X 7,
and we include the output matrix in the argument of the operator. The ¢-th layer of the transformer applies attention with
layer-specific weight matrices and a residual connection that leads to an output

2 =80 4 A(sCD W W W W),

This is followed by a layer normalization (Zhang & Sennrich, 2019a) that projects each token into the ¢5-unit ball, i.e.,
each column S(ET)L has an ¢5-norm lower than 1;

* Feed-forward block (FF). Finally, a feed-forward block is applied, consisting of a two-layer MLP with hidden dimension
m, layer-specific weight matrices Wgé) € R™x7 Wg) € R"*™ and ReLU activation denoted by ReLU(x) = max{0, z}
and applied entry-wise. The output of this layer reads

Y© = Wi ReLU (wy)z(f)).
It is followed by a residual connection to produce the output

O =z + W ReLU(W{"Z")) e R,

¢
(,2 has an ¢/5-norm lower

%y

on which layer normalization (Zhang & Sennrich, 2019a) is applied ensuring that each column S
than 1.
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* softmax output layer. In the autoregressive setting, the model outputs a probability distribution on the vocabulary V. To
that end, the output S(*) € R"*" of the final layer is projected back to the vocabulary size by an “unembedding layer’
Wy € RT*" and averaged over the columns to obtain a vector in R, A softmax layer is finally applied on top of it to
obtain the probability distribution of the next token Pg (- | S). Formally, we have

>

1
Pe(-|S) = softmax(WUS(L)ILn) € Ar,
nTt

n is the length (i.e., number of columns) of the input sequence S (and thus of the last layer output S(%)), ® denotes
the parameters of the whole network that subsume the parameters of each layer and each block and 7 is the softmax
temperature (Hinton, 2015).

Theory faithful to the practice. The architecture described above is used in most of the transformer-based autoregressive
LLM (Anil et al., 2023; Brown et al., 2020; Dubey et al., 2024; Jiang et al., 2023). In the theoretical analysis of Section 4,
and unless specified otherwise, we remain faithful to their practical implementation and only make the following mild
assumption: we assume that the unembedding layer is bounded. The class of parameters and the class of neural networks it
generates respectively writes

W={O|||W/|21<By} and F={fe|®cW}.
It should be noted that this assumption is significantly weaker than what is usually done in the literature (Edelman et al.,
2022; Zhang et al., 2023b).

C. Background on Markov Chains

We recall below some important notions related to Markov chains based on (Paulin, 2015; Roberts & Rosenthal, 2004) and
that will be used in our proofs.

C.1. Basic Notions

Consider two distribution probabilities P and Q defined on a measurable space (2, F).

Definition C.1. The total variation between P and Q is defined as

drv(P,Q) = EIGII}W(A) - Q(4)|.

In the setting considered in the main paper, we consider Markov chains with finite discrete state space (2. In this section, we
refer to () as a general Polish space, whose elements are referred to as states.

Informally, a discrete-time, time-homogeneous Markov chain with state space {2 is a sequence of random variables
(X1, Xa,...) taking values in € such that the next observation is independent of the past given the present. This property is
referred to as the Markov property and is defined below.

Definition C.2. A sequence of random variables (X1,Xa, .. .) is said to satisfy the Markov property if for all n > 1
and any (v1,...,1,41) € Q7L

IP>()(n-i-1 = Tn+1 ‘ Xn =T, 7X1 = 1‘1) = IP)<)(n-|-1 = Tn+1 ‘ Xn = xn)

To a given Markov chain, we associate its transition kernel Q : Q% — [0, 1] which collects the transition probabilities from

one state to another
Yn €N, (z,y) € 02, Q(z,y) =P(Sp+1 =9y | Sn = 2x).

In the main text, we refer to Q as a transition matrix as the Markov chains we consider are of finite state space.
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Definition C.3. A distribution 7 on () is said to be a stationary distribution if the action of the transition kernel leaves
T unchanged, that is

(TQ)(A) = Q(z,y)dr(z) = m(A)

yeEA
forall A € F.

A natural question is whether such a distribution exists for a generic Markov chain. Before stating an existence theorem, we
introduce a classification of states below.

Class of states. All definitions below are borrowed from (Gallager, 1996)

Definition C.4 (Accessibility and communication). A state x is accessible from y (abbreviated as x — y) if there
exists n > 0 such that Q™ (x,y) > 0. Two distinct states x and y communicate (abbreviated x <> y) if x is accessible
from y and y is accessible from .

Accessibility and communication concepts define how states can reach each other within a Markov chain. This leads to an
important classification of states into transient and recurrent categories.

Definition C.5 (Recurrent and transient states). For finite-state Markov chains, a recurrent state is a state i that is
accessible from all states that are accessible from i (i is recurrent if © — j implies that j — 1i). A transient state is a
state that is not recurrent.

With the distinction between recurrent and transient states established, we can now group states into classes based on their
communication properties.

Definition C.6 (Class of states). A class C of states is a non-empty set of states such that each i € C communicates
with every other state j € C and communicates with no j ¢ C

Aperiodicity and Ergodicity. Aperiodicity ensures that the system does not exhibit cyclic behavior, which is a key
condition for understanding the asymptotic behavior of states.

Definition C.7 (Aperiodicity). The period of a state i, denoted d(1), is the greatest common divisor (gcd) of those
values of n for which Q™ (i,4) > 0. If the period is 1, the state is aperiodic.

Under some conditions on the Markov chain (aperiodicity and irreducibility (Roberts & Rosenthal, 2004)), it can be proven
that the chain converges to its stationary distribution i.e. for any € §, lim,,_, o drv(Q™(z, ), 7) = 0, where Q™ (z, -)
denotes the probability of S,, conditioned on S; = .

We recall below the notion of mixing time that assesses the time taken by the Markov chain to be e-close to its stationary
distribution (see Definition C.8).

Definition C.8 (Mixing time for time-homogeneous Markov chains (Paulin, 2015)). Let X = (X1,Xs,...) be a
time-homogeneous Markov chain with a state space 2, a transition kernel @), and a stationary distribution 7. Its mixing
time is defined for any ¢ € [0, 1] as

tmix(¢) == min {t | d(t) < €} where d(t) = sup drv (Q"(x,-), 7).
€N

2
. € 2—¢
tmin = Inf toix(=) -
0<e<1 2 1—¢

We also introduce the quantity

which will be useful later on.
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Remark C.1 (Well-posedness of ¢,in). As we only consider finite state-space Markov chains in our work, we know that a
stationary distribution always exists. However, its uniqueness and the convergence to it require additional assumptions (see
Appendix C.2). In particular, not all Markov chains admit a finite tix (€), tmin for some € < % In such case, t,in can be
infinite. In our practical experimentation, this is never the case despite considering various Markov chains.

C.2. Ergodic Unichains

We are now ready to state the following theorem, which formalizes the classification of states into recurrent, transient, and
aperiodic classes.

Theorem C.9 (Recurrent and transient classes). For finite state Markov chains, either all states in a class are transient
or all are recurrent. We refer to these classes as transient and recurrent, respectively.

For any Markov chain, all states in a class have the same period. If the period is 1, the class is said to be aperiodic

Having categorized states into recurrent, transient, and aperiodic classes, we can now define ergodicity.

Definition C.10 (Ergodicity). For a finite-state Markov chain, an ergodic class of states is a class that is both recurrent
and aperiodic. A Markov chain consisting entirely of one ergodic class is called an ergodic chain.

Unichains. We now introduce the concept of unichains.

Definition C.11 (Unichains and ergodic unichains). A unichain is a finite-state Markov chain containing a single
recurrent class and transient states. An ergodic unichain is a unichain for which the recurrent class is ergodic.

C.3. Marton Couplings

While we consider Markov chain inputs in Section 4.3, we consider less structured inputs during the pre-training phase
Section 4.2.

More specifically, we model the sequences of tokens used during pre-training as generic dependent random variables. To
derive meaningful results, we rely on the notion of Marton couplings introduced by Marton (2004). A Marton coupling can
be seen as a weak dependency structure between random variables. The associated notion of the mixing matrix, analogous
to the mixing time of a Markov chain, is used to assess the strength of the dependence between those variables.

This minimal modeling choice is made to remain as faithful as possible to the pre-training considered in practical applications
of LLMs, for which the pre-training data is not public and may contain arbitrary data points such as video, code snippets,
text and images (Achiam et al., 2023; Anil et al., 2023; Brown et al., 2020; Dubey et al., 2024; Jiang et al., 2023; Touvron
et al., 2023a).

As shown in Paulin (2015, Remark 2.2.), considering sequences of random variables linked through a Marton coupling
is a weaker assumption than what is usually done in the literature on generalization bounds, which typically relies on
independent random variables and Markov chains (Hu et al., 2024; Marion, 2023; Wolfer & Kontorovich, 2019; Zhang et al.,
2023b).

In particular, the results stated in Section 4.2 encompass the case where the pre-training input sequences of tokens are
independent random variables (Kim et al., 2024) or Markov chains (Zhang et al., 2023b). We also note that Markov
chains can model bigrams used in natural language (Bietti et al., 2023; Jurafsky & Martin, 2024). We do not provide an
exhaustive review of Marton couplings. We will simply recall its definition and introduce the associated mixing matrix.
We refer the interested reader to Marton (2004) and Paulin (2015). Consider a sequence of dependent random variables
S = (S1,...,Sy) taking values in a polish space 2 = 1 x ... x Qy. We will denote by P(Sy, ..., Sy) the distribution
of S.
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Definition C.12 (Marton coupling). We define a Marton coupling for S as a set of couplings

<S(sl"“’si’s;), S/(s1,...,5i752)) €N xQ,

or every i € [N|, every sy € Q1,...,s; € Q;, s, € Q,, satisfying the following conditions.
ry ry ) ) ) Si 8 8
s S
(i) S§817”'731'787’) — s, ., Sgsl, ,5i,57) = s,
1(81,-.,81,5% 1(815..-,80,5% 1(81,--,84,8%)
Sl( ! ) = 81, ) Sifi ) = Si—1, Sl( ! = S;

(”) (Sz('j_li.“,sms;); e, Sgila-“vsivsg))
NP(SH_l,...,SN | Sl 281,...,Si :Si),
(S/z(‘i117”"m7w;)7 o S/S\fl;---@i@ﬁ))

~P(Sit1,...,Sn | S1 =21,...,8i-1 = %i—1,S; = ).

(lll) If‘xz = x;, [hen S(Il ----- m“x;) — Sl(ml ----- Ii,I;)'

Definition C.13 (Mixing matrix (Paulin, 2015)). For a Marton coupling, we define the mixing matrix I' € RV*N g
an upper diagonal matrix with

I‘iﬂ' = 1,
Vi<i<j <N, ;=0
1-\1_’]_ = SUD,, . P |:S§517---75i75i) £ S/gsl ----- 5,8¢)

For independent random variables, one can define a Marton coupling with a mixing matrix equal to the identity (see Paulin,

2015, Remark 2.2). In particular, it means that for independent variables, we have the operator norm of the mixing matrix
equal to 1, i.e., [T = 1.

C.4. An (Almost) Distance between Markov Chains
In Theorem F.23, We state elementary properties of /C in the proposition below.
Proposition C.14 (Properties of K). K is an almost-distance between transition matrices in the sense that it satisfies
the properties below:
1. Non-negativity. For any ©1, 05, K£(©1,05) > 0.
2. Almost sure positivity. K(©1,03) =0 <= Vn € [N],Peo, (- | S») = Pe,(- | Sn) a.s..
3. Symmetry. For any ©1,0,, £(©1,0,) = £(0©1, O,).
4. Triangular inequality.. For any ©1, 05,03, K(01,03) < £(©,03) + K(O2, O3).

Proof of Proposition C.14. We first recall the following technical lemma.

Lemma C.15 (Proposition 2.16 in (Folland, 1999)). Let Y be a non-negative random variable defined on a probability
space Q with probability function P. IfE[Y] = 0, then Y = 0 almost surely, i.e.,

Plwe|Y(w)=0})=1
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The non-negativity and symmetry of K directly come from the symmetry and non-negativity of the total variation distance.
The triangular inequality follows from the fact that the total variation is a distance and that the expectation respects
inequalities. For the almost positivity, consider ®1, @4 such that IL(®1, ®2) = 0. By non-negativity of all the terms in the
sum, it means that for all n € [N], we have

Es, [drv(Pe, (- | Sn),Pe,(- | S,))] = 0.

As the total variation is a distance, we know that the random variable under the expectation is non-negative. Applying
Lemma C.15 leads to
drv(Pe, (- | Sn),Pe,(-| Sn)) =0 almost surely.

On the probability space, deprived of the set where the distance is non-zero (which is of null measure), the total variation is
equal to zero and as a distance between probability distributions, it means that on this subset of the probability space, the
probabilities are equal. Again, as the set on which they are not equal is of null measure, we have

Po,(- | Sn) =Pe,(- | Sp)  almost surely.
Putting everything together, we have
Vn € [N],Pe,(- | Sn) = Pe,(- [ Sn) as., Q)

which concludes the direct sense. The converse sense is proved by assuming that Eq. (5) holds and using the distance
properties of the total variation. This concludes the proof. O

D. Additional Experiments

In this section, we present additional numerical experiments that confirm that our theory correctly predicts the in-context
learning behavior of LLMs.

D.1. Experimental Setup and Tokenization

Experimental setup. To ensure a fair validation of our theoretical results, we conduct our experiments on some of the
most recent and widely used LLMs: Gemma 2B (Mesnard et al., 2024), L1ama2 7B & 13B (Touvron et al., 2023b),
Llama3 8B,Llama3.2 1B & 3B (Dubey etal., 2024),and Mistral 7Bv0.1 (Jiang et al., 2023).

Tokenization. As the models we consider have different tokenizations, we need to do this step with extra care as it is
a crucial part of the experimental procedure. Indeed, LLMs’ ability to handle numerical values has been proved to be
dependent on the tokenization algorithm (Ali et al., 2024; Gruver et al., 2023; Singh & Strouse, 2024). The most widely
used tokenization algorithm to-date, BPE (Sennrich et al., 2016), tends to assign tokens to arbitrary 3-digits numbers based
on their occurrences in large-scale corpora, and the tokenizer’s vocabulary size. As highlighted by (Gruver et al., 2023), this
artifact severely hinders LLMs’ ability to predict numerical values in-context. This is the case for popular LLMs such as
GPT-3 (Brown et al., 2020). Newer models (LLama3, GPT-3.5, GPT-4) however, tend to have hard-coded rules on top
of BPE, making them able to encode all 3-digits numbers with their own token. Although this feature would accelerate the
ICL procedure by eliminating the need for the Hierarchy-PDF algorithm in (Liu et al., 2024),the under-representability of
larger numbers in the training data could be an issue. Other tokenization techniques that are numerical values-focused has
been presented in the literature (Golkar et al., 2023; Wu et al., 2024), paving the way for another research direction that may
benefit our method.

Rodmap. In the rest of this section, we extend our experiments to study the following setups:

¢ In Appendix D.2: impact of the number of states d;
e In Appendix D.3: extension to Markov chains with py,;, = 0;
* In Appendix D.4: impact of the tokenization;

* In Appendix D.5: extension to dynamical systems.
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D.2. Impact of the Number of States d

We further analyze the effect of the number of states d on the risk and consider randomly generated d-state transition
matrices in Fig. 10. After a first stage of stagnation, the risk tends to take the correct scaling law coefficient. As in (Liu
et al., 2024), we notice that considering randomly generated transition matrices seems to be difficult for an LLM to learn
when there are more than 9 states. We interpret this behavior as the distribution shift term in Theorem 4.3. Indeed, the lack
of structure in these transition matrices can hinder the correct decay of this term. Note also that the increase in d tends to
implicitly increase ¢,,in, which could have an impact on the upper bound on R (both in the generalization term and in the
distribution shift term). We will now consider more structured Markov chains, and look at their impact on decay.

10° 100 ~
0 ()} S
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~
i ]
R &
— —
e I
b= =
w w
1071 1071
T T 1 T T 1
10° 10! 102 10° 10° 10t 102 10°
Context Length Njq Context Length Nj¢
0 _ 0 _ -
10 10 <
~
~
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T T 1 T T 1
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Llama2 7B === [lama2 13B === Mistral 7B v0.1 === Gemma 2B == 2N ?

Figure 10: Impact of the number of states d. We plot the risk R;.; as functions of N, with 95% confidence intervals.
Upper Left. 2—states Markov transition matrices. Upper Right. 4—states Markov transition matrices. Lower Left.

6—states Markov transition matrices. Lower Right. 8—states Markov transition matrices.

D.3. More Structured Markov Chains
In this section, we empirically verify our theoretical results on more general Markov chains that do not verify py;,, > 0.

D.3.1. RANDOM WALKS

Random walks are a simple example of more structured Markov chains. Although we still have the possibility of discretizing
the kernel of Markov chains with infinite state spaces as it is done in (Liu et al., 2024), we consider two types of random

walks on finite state spaces.
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1 'Xy 0.5 IY 0.5 ~a
T ~o05 ¥ ~o05 —

Figure 11: Constrained random walk with d = 3.

Constrained random walk. We define the transition matrix P of a constrained random walk of d states as in Eq. (6). We

draw the probabilistic graph in Fig. 11 for the case d = 3.

ifi=0andj =1,
1, ifi=d—1andj=d-—2,

Pj=405 ifl<i<d-—-2andj=i-—1, 6)
0.5, ifl<i<d-—2andj=1i+1,

0, otherwise.

Fig. 12 highlights the scaling laws of Theorem 4.3, as well as the log(d) dependency. As before, the best-performing models

generalize almost perfectly.

< ]
R &
— —
o o
2 2
b= =
W1 \\\ Wip-1 4 \\\
~ ~
~ ~
~ ~
~ ~
~ ~
\N \N
T T 1 T T 1
10° 10t 102 103 100 10t 102 103
Context Length Ni¢ Context Length Nj¢
100 .

< s

3 53

= =

e e

— —

w W o1

T T 1 T T 1
10° 10! 102 10° 10° 10! 102 10°

Context Length Nij¢ Context Length Njq

Figure 12: Constrained random walks. We plot the risk R as functions of N, with 99% confidence intervals. We
consider different size d. Upper Left. L1ama2 7B Upper Right. L1ama2 13B Lower Left. Mistral 7Bv0.1

Lower Right. Gemma 2B
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Polygonal random walk. We define the transition matrix [P of a polygonal random walk of d states as in Eq. (7). We draw
the probabilistic graph in Fig. 13 for the case d = 4.

0.5, ifj=(i+1) mod d(clockwise transition),
P; =405, ifj=(i—1) mod d (counterclockwise transition), @)

0, otherwise.

We draw the same conclusions as above for this second type of random walk, in Fig. 14.

0.5 0.5

0.5 0.5

0.5 0.5

0.5 0.5

Figure 13: Polygonal random walk with d = 4.

D.3.2. INNER CLIQUES AND OUTER RIMS

Inner Cliques and Outer Rims. We also want to test our method on the class of Markov chain put forward in (Wolfer &
Kontorovich, 2019) to derive their lower bound. Let 7 > 0 and d = 3k for some k£ € N, and define the collection of Markov
matrices H, = {M,,  : 7 € {0, 1}4/3}. Every element of this set consists of an inner clique and an outer rim. M, ; is
the block matrix defined as follows,
Mo — (C,, R,)
nT — RI L‘l’ )

T

where C,, € RY/3x4/3 [, ¢ R24/3x24/3 and R, € R¥/3%24/3 are given by

1
L= 3 diag (7 — 4mie, T4+ 4mie, ..., T — 47q/38, T+ 474/3¢)

3
1" d/gq d/:?q
n 3
a/3=1 a1 1
C. = |dB-1 1 :
n : ;
d/3—1
_n__ _n 3 _
d/3—1 d/3—1 4
1+4me 1—4me 0 0
1 0 0 14+4me 1—4me 0 0
R =-— . . . . .
0 0 1—|—4Td/35 1—4Td/3€

We provide in Fig. 15 a probabilistic graph of the case M, o and d = 9.

Fig. 16 compares different LLMs with the frequentist method, on the case depicted in Fig. 16 with = 0.02. Although the
frequentist method achieves a lower loss, the power laws seem to be the same with LLMs.
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Figure 14: Polygonal random walks. We plot the risk R ;.| as functions of Nj.j, with 99% confidence intervals. We consider
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Figure 15: Probabilistic graph of M,, g when d = 9.
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D.4. Recent Models: Impact of the Tokenization

As explained in Appendix D.1, models like Llama 3 tokenize 3-digit numbers with a single token. This saves a lot of
inference compute time, but not necessarily in terms of performance when considering Markov chains with a few number
of states d, since we have to separate the states by a comma to force tokenization into a single digit (e.g. the transitions
1 — 0 — 1 will be prompted as 1, 0, 1 (5 tokens) instead of 101 (1 token). In Fig. 17, we reproduce the same experiment

as in Fig. 6(left), but with Llama 3 models. The scaling laws are quite good, but much less so than those obtained with
Gemma 2B and Mistral 7Bv0.1 on the same inputs. On the other hand, with these models, it can be extremely

interesting to consider Markov chains with many states, as we did in Fig. 7(right). In the next section, we will use LLama3

to learn other dynamic systems presented in (Liu et al., 2024).

~
~ @) = | lama3 8B
Se A, = Llama3.2 1B
S, e ——— Llama3.2 3B
~ ~ ) amas.
3
S
2
w
10*1,
~
~
N
T T \ 1
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Context Length Njq

Figure 17: In-context scaling laws for LLama3 herd of models. We plot the risk R as functions of N, with 95%

confidence intervals.
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D.5. Dynamical Systems

We consider four of the dynamic systems highlighted in (Liu et al., 2024) : a geometric Brownian motion, a correlated
Gaussian, an uncorrelated Gaussian, and an uncorrelated uniform processe. We display in Fig. 18 the risks of LLama3 8B
and the frequentist method, which once again highlights the emerging capacity of in-context learning.
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Figure 18: LLama3 8B on dynamical systems. We plot the risks R;. as functions of Nj. for LLama3 8B and the
frequentist approach (Wolfer & Kontorovich, 2019) with 95% confidence intervals. Upper Left. Geometric Brownian
motion. Upper Right. Correlated Gaussian. Lower Left. Uncorrelated Gaussian. Lower Right. Uncorrelated Uniform.

E. Additional Theoretical Results

In this section, we present additional theoretical results on the sample complexity and generalization capabilities of LLMs.

E.1. Sample Complexity

In this section, we provide more details to Section 4.1, including the experimental setting, the connections to the Markov
chain literature, and the extension of Proposition 4.1 to the in-context learning setting.

E.1.1. PRE-TRAINING

We recall that Proposition 4.1 states

Proposition E.1 (Restatement of Proposition 4.1). Let § € [0,1] and € > 0. Assuming a perfect pre-training of fe
and Niyain pre-training tokens with Niyain > N = [46322 log (%)] we have with probability at least 1 — 6,

Es p |Q°(S,-) = Qs(S,))[L < e

with a constant depending on the problem’s parameters

B = 2||0|| max{log (T') + 2By /7,1og (1/co) }/2.
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To determine the approximation error of open-source LLM, it suffices to plug N* = Ni;ain in Proposition 4.1. Then, the
approximation error writes

2B o 2
€= —— .
V Ntrain 8 d

We recall that B = 2||T'||\/max{log (T') + 2By /7,1og (1/co)}. To numerically compute €, we proceed to the following
simplifications. Since we do not have access to the training data of the Gemmas and Llamas, we cannot compute I' that
captures the data dependency. Even if we had access to the data, the amount of it prevents us from numerically computing "
for all the pre-training sequences. The same goes for c¢,. We circumvent these issues using the fact that 7" is very high in
practice and compute B = O(2/log (T) + 2By /7). Finally, we notice that the softmax temperature is of order 1 in those
models (we note that it evolves in [0.2 — 1] depending on the downstream tasks (Dubey et al., 2024)) and that By ~ T'/r.
This comes from the fact that By controls the norm of the unembedding matrix Wy € RT*7 (see Appendix B), i.e.

W ll21 < By

When looking at this norm for the unembedding layer of Llama3 8B, we observe that it behaves like 7'y/r. This is not
surprising since the layer normalizations project the outputs’ columns on the unit-ball (notably for the RMSNorm (Zhang
& Sennrich, 2019b) used in the Llamas models (Touvron et al., 2023b)) and W, is initialized following A/(0,1) (in
PyTorch (Paszke et al., 2019)). This should lead the entries of W to be in [0, 1] at the end of training which would imply,
using the fact that W, € R™*T,

T

[Wllan =

j=1

where

B =24 /log (T) + 2T V/7/7.

In the technical reports of the Gemmas (Mesnard et al., 2024; Riviere et al., 2024) and Llamas (Dubey et al., 2024; Touvron
et al., 2023a;b) models, the vocabulary sizes T, the embedding dimension r, the number of pre-training tokens are given and
the MMLU results are given. We summarize it in Table 2. This enables us to plot the evolution of the MMLU with respect
to the predicted approximation error € in Fig. 1.

Model Nb. Pre-Training Tokens Ny..;, Vocabulary Size I’ Embedding Dimension r
Llama 7B (Touvron et al., 2023a) 1012 32000 4096
Llama2 7B (Touvron et al., 2023b) 2 x 1012 32000 4096
Llama3 8B (Dubey et al., 2024) 1.5 x 103 128000 4096
Llama3.2 3B (Dubey et al., 2024) 1.5 x 103 128000 3072
Gemma 2B (Mesnard et al., 2024) 3 x 1012 256128 2048
Gemma 7B (Mesnard et al., 2024) 6 x 1012 256128 3072
Gemma2 9B (Riviere et al., 2024) 8 x 1012 256128 3584
Gemma2 27B (Riviere et al., 2024) 1.3 x 1013 256128 4608

Table 2: LLMs’ parameters reported in the technical reports of the Llamas and Gemmas models.

E.1.2. CONNECTION OF PROPOSITION 4.1 TO MARKOV CHAIN LITERATURE

Proposition 4.1 allows us to contextualize LLMs’ ability to learn Markov chains with respect to the existing literature.
To the best of our knowledge, the only existing approach with theoretical guarantees for learning Markov chains is the
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frequentist method (Wolfer & Kontorovich, 2019): counting the number of occurrences of different states to fill in the matrix
Q. Wolfer & Kontorovich (2019) show that the sample complexity of approximating Q* up to € with such approach
is N* = O(max{|[Vj|/€*vs, 1/7sm* } log (1)) samples, where [Vi| = O(TX) in our setting, 7, is a (pseudo) spectral
gap of the Markov chain and 7* is the smallest element of its stationary distribution. The authors state that the frequentist
approach is minimax optimal (up to logarithmic factors). Our sample complexity in Proposition E.1 has a dependence that
behaves as B? = O(max{log (T) + 2T7ﬁ, log (1/¢o)}), using By ~ T'+/r. Given that in practice T' > r, it then simplifies
to N* = O(max{T/e*r,1/€*}1og ()). In particular, our LLMs’ sample complexity is linear in the vocabulary size T,
which is remarkable compared to the sample complexity of the frequentist approach, which scales as O(T%) with K the
context window.

Extension to In-Context Learning. Using Theorem 4.3, we can extend Proposition 4.1 to the in-context learning
framework. The following proposition gives the sample complexity of in-context learning.

Proposition E.2 (Sample complexity of in-context learning). Let § € [0, 1] and € > 0. The model fg receives as
inputs a d—state Markov chain X = (X, ..., X, ) with transition matrix Q. Assuming that there is no distribution

shift and Nijoy > N* = [4%2 log (%ﬂ, we have with probability at least 1 — 0,
Es~p 1Q(S,) = Qf(S, )1 <e
with a constant depending on the problem’s parameters

B = 2max{log (d) + 2By /7,10g (1/pmin) }*/2.

Proof. We recall that the probability distribution associated with the input Markov chain is [P and its transition matrix
writes Q (see Appendix C for the connection between P and Q). We first note that by definition of the total variation
distance (Wolfer & Kontorovich, 2019), we have

]ESN]P’HQ(Sa ) - Qf(sa )”1 = ESN]P’[2 : dTV(Q(87 ')7 Qf(s7 ))]
=2 ESNP[dTV(Q(S7 ')a Qf(87 ))]
=2-Ria(O). (by definition of the risk Eq. (3))

Applying Theorem 4.3, we know that

N B 2
. < i . -z
Ria(©®) < ﬁé%mc{Rlcl(ﬁ) +K(9,0)} + TN log <5>,

where B is formally defined in Theorem 4.3. Assuming no distribution shift amounts to considering the infimum attained
and equal to 0. We denote by N* the integer such that the error is equal to ¢, i.e.,

i lo g—E<:>BQIO 2—i<:>N*— 22lo 2
I\ 8\s ) T2 N+ 8\5) T ~ e 8\s )

_\2
Taking the ceiling function ensures that N* is an integer. Hence, taking Ny, > N* = [(E> log (%)] ensures that

€

2 e (2) < 2 e (2) - 5
V/Nial ) VN* ) 2
Putting everything together, taking Nj.; > N* leads to
Esp[Q(S,-) — Qs (S, )1 <2 - Ria(®) < 2- % =,
which concludes the proof. O
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Similarly to the analysis above, we observe that our sample complexity of in-context learning scales logarithmically with the
number of states d while the frequentist’s one (Wolfer & Kontorovich, 2019) scales in O(d). In Fig. 7 of Section 5, we show
that this is confirmed experimentally: LLM’s ability to learn Markov chains exceeds the frequentist approach for Markov
chains with a large state space.

E.2. Depth-Dependent Generalization Bounds

We extend Theorem 4.2 to make its dependency on fg more fine-grained. Rather than assuming that only the norm of the
embedding layer’s matrix is bounded, we follow the setting of prior work (Edelman et al., 2022; Furuya et al., 2024; Marion,
2023; Zhang et al., 2023b) and consider the parameter space defined as follows:

W={®@ecw|velL], W < By,
WS [l < Bo, [W||oo < Bi., WY |l < Ba}.

The definition of W concerns the query, key, and value matrices of all layers and heads. Similarly to Zhang et al. (2023b,
Assumption 5.1), we assume that each token has an #1-norm bounded by Bi.x. We have the following generalization bound,
whose proof is deferred to Appendix F.6.

Corollary E.3 (Depth-dependent bound). Consider an LLM fg € F := {fo | © € W}. With the same assumptions
as in Theorem 4.2, we have

= B 2
Rine(©) < Rpno(©) + 22— 105 (5 ).

with constants depending on the problem’s parameters

B = 2||T|| max{log (T') + 2(Be)" /7, log (1/co) }'/?,
3
,
Be = [(1+rmB;1By)(1 + EBOBV)](BtokBU)l/L.

We note that B exhibits an exponential dependence on the depth of the transformer, which also amplifies the hidden
dimensionality (width) of the embedding layer r. This contrasts with the dependency in m, the hidden dimensionality of
the MLP block, which is linear. All these factors are commonly associated with higher expressive power of transformers
suggesting that they should contribute to a better minimization of R..(@®) at the expense of requiring more training data.
The number of heads H can be used as a counterbalance to increasing the width in the cubic term 73, suggesting that a good
balance between these parameters may lead to more data-efficient models.

E.3. Generalization Bounds with the KL Divergence

As explained in Remark 4.1, the total variation is the natural choice to define the risks in Eq. (3). Another possibility in
the Markov chain literature is to use the KL divergence to compare probability distributions (Hao et al., 2018). This is an
interesting candidate as the KL divergence is naturally connected to the cross-entropy loss commonly used to train neural
networks (the cross-entropy corresponds to the KL divergence between the true distribution and the predicted softmax
distribution (Blondel et al., 2019). In this section, we discuss the extension of the theoretical results of Section 4 by replacing
the TV distance with the KL divergence in the risks’ definition, i.e.,

N
R(©) i= Bsp. [dict(Q(S,)1Qs (S, ), R(®) = 1 3" dict(Be(- | S,)[[Fo(- | 1). ®)

n=1
Theorem 4.2 and Corollary E.3 related to the pre-training phase in Section 4.2 can be obtained similarly if the risks are

defined with the KL divergence following Eq. (8). Indeed, the key step to derive the proofs is to obtain a similar result to
Lemma F.6 but with the KL divergence. The next lemma provides this result.
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Lemma E.4. Consider two probability distributions P, Q defined on a measure space (2, F) and a o-finite measure

von (Q,F). Let p, q be the corresponding probabilities densities, i.e., we have P(dw) = g(w)v(dw) and Q(dw) =
1 P(2)
%8V Q@)

< B, then we have

p(w)v(dw). If there exists a non-negative constant B such that for any z € (),

dx1(P||Q) < B.

Proof. We have

0 < dki(P||Q) = |dk(P||Q)]

which concludes the proof. O

We can now state the results similar to Theorem 4.2, Corollary E.3 and Proposition 4.1 from the pre-training phase when the
risk is defined according to Eq. (8).

Theorem E.5 (Pre-training generalization bound). Consider an LLM fg € F. We denote by T' the mixing matrix of
the pre-training sequences of tokens (S1,...,Sn,,...)- Let 0 < & < 1, then with probability at least 1 — 6,

R B 2
< loo [ £
Rpre(©) < Rpre(©) + B og (5),

where B = +/2||T'|| max{log (T') + 2By /7,log (1/co)} is a constant depending on the parameters of the problem.

Proof. The proof simply follows from the proof of Theorem 4.2 by replacing the upper bound v2B by B (with the
appropriate upper-bound B) when Lemma F.6 is used in the proof. [

Corollary E.6 (Depth-dependent bound). Consider an LLM fe € F := {fe | © € W}. With the same assumptions
as in Theorem 4.2, we have

. B
R re © SR re © + log <>7
1% ( ) 1% ( ) \/m

where B = \/2||T'|| max{log (T) + 2(Be )" /7,10og (1/co)} is a constant depending on the parameters of the problem,
3
and Be = (1 +rmB1B>)(1 + % BoBy)|(Biok By ) /L.

Proof. The proof simply follows from the proof of Theorem 4.2 by replacing the upper bound +2B by B (with the
appropriate upper-bound B) when Lemma F.6 is used in the proof. O

30



Large Language Models as Markov Chains

Limitations. We recall from Remark 4.1 that the TV distance is a natural choice to compare transition matrices in the
Markov chain literature. In addition, while the KL divergence can be used to compare probability distributions, it does
not define a metric space. Hence, we cannot straightforwardly extend Theorem 4.3 with the KL divergence because the
proof relies on the use of the triangular inequality. As Theorem 4.3 is one of our main results and enables us to show that
the theory and the practice align (Section 5), this also contributed to our preference for the TV distance instead of the KL,
divergence. We also note that the proof of Proposition 4.1 relies on properties of the total variation and hence we cannot
extend it straightforwardly with the KL divergence.

F. Proofs
F.1. Proof of Proposition 3.2

We detail below the proof of Proposition 3.2.

Proof of Proposition 3.2. Step 1: Large language models as Markov chains. Given an input v; € Vj, of p tokens, a large

language model outputs a probability mass function fg’K(vi) over the discrete vocabulary space. As the temperature is
positive, i.e., 7 > 0, and as the exponential is positive, we know that all the tokens in the vocabulary will be given a positive
mass.

A next sequence v; € Vj is then sampled according to fg’K(vi). But the v; sequences that fit necessarily contain the v;
sequence (except possibly the first element of v;, thanks to Definition B.2), i.e. VI, (vj) 1 = (v3)14+1. Note also the size of oF
is p + 1 when p < k and k£ when p = k. All other sequences v; that do not satisfy this condition are not suitable.

In that sense, f(g’K can be represented by a Markov chain MC(V};, Q ¢) with transition kernel Q; € RIVIXIVil as defined
in Proposition 3.2.

Step 2: Proportion of non-zero elements. We denote by Z the set of states of length K. The set of states of length strictly
less than equal K is denoted by .7. We can construct a transition matrix Pg € R7*XT" with the states of this class,
containing the probabilities of moving from one state of Z to another. Py corresponds to the blue block in Fig. 2 while
green rectangle blocks correspond to part of P and P4 in the following description of large language models as Markov
chains,

Py | Pog
Qy 0 P, )

Now, let us count the number of non-zero elements in each of these 4 large blocks.

T
Pz block : The size of this block is [ (TK-1 — 1)} X [7(TK*1 - 1)} . There are K — 2 green blocks contained

T
T-1 4 T -1
in P . The block number i € [K — 2] is of size T* x T**1. Since each sentence of size i can be completed with non-zero

probability, by any other token, there are a total of Z;:)le T = T**! non-zero elements. There are therefore ZZK:IQ Tit!
non-zero elements in the entire P4 block.

T
P< 4 block : The size of this block is [ﬁ (TK - 1)} x TH . The green block contained in P4 g4 that contains non-zero
elements is of size 7%~ x TX Since each sentence of size K — 1 can be completed with non-zero probability, by any

K—1
other token, there are a total of 25:1 T = T* non-zero elements.

Py block : The size of this block is 7% x T Each sentence v = (v1,...,vK) of size K is mapped to another sentence
/

v = (v],...,v)) of size K with non-zero probability, if and only if v{ = va,v5 = vs,...,v},_; = vk. The final token
K

v can by any other token in the vocabulary. It means that there are a total of 22:1 T = TX+! non-zero elements.

0’s block : There are no non-zero elements in this block.

Finally, there are

= 41 K K41 = 41 2 TK -1
AR Y Y A L [
Yo ertere ey (o)
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non-zero elements. This means that the proportion of non-zero elements in the matrix is exactly

751
T ( T—1 ) -1
2 T K :
TK 1 T - ].
(7 (=)
Note that for large 7" and K we have that
T-1 1

TK —17 TK-T

F.2. Proof of Proposition 3.3

We begin with a preliminary lemma.

Lemma F.1 (Powers of Q¢ greater than K). For any initial state 1, the following hold:

Wk > K,V €7, (Qh)i; =0,

* Vk > K,Vj € Z,(Q})i; > 0.

Proof. By considering Qs as defined in (9), we can compute its powers. For any k > 1,

P | By
0 | Py

where By = Y01 Prips PRI

To prove the first item, we focus on the blocks on the left of Q. Since the lower left block is zero, we have that
Vk>1,Vie ZNje T, (Q’JE)Z ; = 0. In the upper left block, the element (P%); ; designates the probability of moving
from one transient state ¢ € .7 to another transient state j € 7 after k iterations. According to Definition B.1, if state 7 is
a sequence of p > 1 tokens, state j is necessarily a sequence of min{ K, p + K} = K elements. Thus, P~ is a nilpotent
matrix and Vk > K, Vi, j, (P%); ; = 0. This proves that Vk > K,Vj € 7, (Q’})L] =0.

We now move on to the second item. From the above, Vk > K, By, = Zi;é P23 PggPk™=™ Note that this sum is finite,
but there is still a dependence on &, in the powers of the matrix Pz. In the lower right block, the element (Pg,), ; designates
the probability of moving from one recurrent state ¢ € Z to another recurrent state j € Z after k iterations. According to
the definition of Q in Proposition 3.2 and Definition B.2, Vk > K, Vi, j € %2, (Pg)” is nonzero. Exploiting this also in
Bj,, we obtain the result, i.e. Yk > K,Vj € £, (Q’;)” > 0. O

We are now ready to prove Proposition 3.3, which is inspired by Gallager (1996).

Proof of Proposition 3.3. The states of length strictly less than equal K (elements of .77) are transient, because of Defini-
tion B.1. To discuss the nature of states of length K (elements of %), let us introduce a result regarding the powers of the
Q matrix as defined in (9). Thanks to Lemma F.1, the set of states Z (i.e. the states of length K) form a class. Lemma F.1
gives us also that Z is ergodic. In fact, every state in & only communicates with all the other states in %, which proves
the recurrence. Since Vi, j € %2, (fo )i,; > 0, we can move between any two states in exactly K steps, regardless of the
initial position. This ensures that % is aperiodic because the transition probabilities do not depend on a specific cycle, and
states can be revisited at various time steps, not just multiples of a particular number. More simply, by considering a token z,
the state defined as ¢ = g« ... & has period 1, i.e. (Qy);; > 0. This is a consequence of Definition B.2 and Proposition 3.2.

K times
Thanks to Theorem C.9, it means that the whole class % is aperiodic. Finally, this means that MC(V};, Q) are ergodic
unichains, in the sense of Definition C.11. O
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F.3. Proof of Proposition 3.4

We start by introducing three technical lemmas that will be useful in the proof of Proposition 3.4. We start with the
Chapman—Kolmogorov equation.

Lemma F.2 (Chapman-Kolmogorov equation). Let P be a matrix of size d. Then, P satisfies

d
Vi,j & [d]Q,Vn, n e NQ, (Pn_‘—nl)id' = Z(Pn)i7k(Pn/)k7j.
k=1

Proof. The result follows from the fact that Vn, n' € N2, pntn’ = pnpn’, O

Then, we introduce a simple but useful result of monotonicity.

Lemma F.3 (Lemma 3.3.1. in Gallager (1996)). Let the transition matrix P of a finite state Markov chain. Then, for
all states j and n > 1, we have

max (P"*1); ; <max (P");;, and min (P"*"); ;> min (P"); ;.
1 K3 (] K3

We now refer to a result on Markov chains with positive transition matrices.

Lemma F.4 (Lemma 3.3.2. in Gallager (1996)). Let the transition matrix P of a finite state Markov chain satisfy
Vi, 3, Pij > 0, and let oo = min P; j > 0. Then, for all states j and n > 1,
i,j

max (P"); ; — min (P"); ;

(1~ 20) (max (P");; — min (P)i;).

<
max (P"); ; — min (P"); ; <
1 1

(1 - 2a)n’

nl;rgo max (P"); = nl;rgo min (P");; > 0.

We are now ready to prove Proposition 3.4 using a similar argument as in (Gallager, 1996).

Proof of Proposition 3.4. Let  and & denote respectively the sets of transient and recurrent states. For any state j, we
define 7; := lim,,_, o, max; (Q}‘)M = lim,, 00 Min; (Q’JZ),] Then 7 = (7;) jeq is the stationary distribution for Q.

Step 1: Stationary distribution for transient states. Lemma F.1 gives us that Vi, Vk > K,Vj € 7, (Q’j)” = 0. This
means that Vj € .7, ; = 0 and hence the limit is reached at most after K iteration.

Step 2: Stationary distribution for recurrent states. Lemma F.1 gives us Vi,j € %2, (Q? )i,j > 0. By defining
e:= min (Qf);;, Lemma F4 shows that for any integer £ > 1,

1,j ER?
K : K K . K
max (QF )i — min (QF )iy < (1—2¢) (rifég (QF )i — min (Qf )m‘), (10)
(K : (K ¢
max (Qf" )i,j — min (Qf" )iy < (1 - 2¢)", (11
~ Ky - (OUKY.
A3 ()i = gyl (A ea > 0 (2

Thanks to Lemma F.3, max (Q’fﬂ'l)i_j is non-decreasing in n, so the limit on the left in Eq. (12) can be replaced with a

limit in n. The same argument for the limit on the right gives that, Vj € %,

n : n n/K
max (QF)i; — min (Q})ij < (1—2¢)l/K,
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lim max (QY);; = lim min (Q%);; >0,

n—oo iEXR n—o0 i€EX

where we have taken the floor function to also convert the result of (11). Since 7; lies between the minimum and maximum
(Q})i,; for each n, we have that Vi, j € X2,

Q)i — mj] < (1—2e)L5),

It means that Vi, j € %22, 7; = limn_,oo(Q?)i7j. This also gives us the convergence rate when the initial state ¢ is recurrent.
In the next step, we consider the general convergence rate, regardless of the nature of the initial state 3.

Step 3: Convergence bound. We proceed to the remaining case, i.e. the case where the initial state 7 € .7 and the final
state j € Z. Lemma F.2 says that Vn > K,

(QF)iy = > (QF)ik(QF iy + D (QF)in(QF ™ )ij-

keT kez

We then have that Vi € 7 ,Vn € N,

QP =l < | S @i [(QF s — 7] + D (@i [(QF s — ]|

k€T =
< QF)ik|(QF kg — mi + D (QF)iw|(QF )iy —
keI ke
< 3@+ Y@@ ey — |
kes ke

<(1- 2@L%J7
where the first sum vanishes and Zke%(Q?)M < 1. Finally, Vi € ,Vn > K,
(Q})iyg —mjl < (1—2e) &I
Combining this with the result of Step 2 concludes the proof. O

F.4. Proof of Proposition 4.1

We detail the proof of Proposition 4.1 below.

Proof. We first note that by definition of the total variation distance (Wolfer & Kontorovich, 2019), we have

Es~p,[|Q"(S,) — Qy(S, )1 = Es~p,[2 - drv(Q"(S,-), Qs(S,))]
=2 ESNIP’L [dTV(Q*(Sv ')a Qf(Sv ))]
=2-Rpre(O). (by definition of the risk Eq. (3))

Applying Theorem 4.2 (a similar result can be derived using Corollary E.3), we know that

~ B 2
Rore(©) < Ry(©) + oz (3):

where B is formally defined in Theorem 4.2 (respectively Corollary E.3). Assuming a perfect pre-training error amounts to

consider ﬁpm(@) = 0. We denote by N* the integer such that the error is equal to 3, i.e.,

B 1 2—5@321 g—i<:>N*—§21 2
Jn=\ B s ) T2 N 8\5) T “\ ) 8l\s5)
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2
Taking the ceiling function ensures that N* is an integer. Hence, taking N ain > N* = [( E) log (2)] ensures that

€

B | ( 2) - B ( 2 ) €
og | = og| =) =-=.
V' Ntrain s o)~ vV N* & 0 2
Putting everything together, taking Ny, i, > N* leads to

Esp Q°(S,) = Qs(S, )1 €2 Rpre(®) <2 5 =6,

DN

which concludes the proof. O

F.5. Proof of Theorem 4.2

In this section, we detail the proof of Theorem 4.2. We provide below an overview of the proof before detailing it.

Overview of the proof. We are going to use McDiarmid’s inequality for dependent random variables of Paulin (2015,
Theorem 2.9). To adapt the arguments of Paulin (2015, Theorem 2.9) to our setting, we bound the total variation between
the true probability of the next token and the one estimated by the LLM. The rest of this section is organized as follows.
First in Appendix F.5.1, we adapt the concentration inequality of Paulin (2015, Theorem 2.9). Then in Appendix F.5.2, we
show how to bound the total variation between the true and the estimated probability of the next token. , in Appendix F.5.3,
we restate Theorem 4.2 and conclude the proof.

F.5.1. CONCENTRATION INEQUALITIES FOR DEPENDENT RANDOM VARIABLES

We first state a concentration inequality for dependent random variables that will be used to obtain our final bound.

Proposition F.5 (McDiarmid’s inequality for dependent random variables). Let S := (S1,...,Sx) be a sequence of
random variables that take values in Q) = Q1 X ... x Q. Assume there exists a Marton coupling for S with mixing
matrix T. Let ||T|| be the operator norm of T. If f: Q — R is such that there exists c € RY satisfying

N
vxvy € Qv f(X) - f(y) S Zci]]‘{xi#)"i}7

i=1
then we have for any u > 0,

P(£(S) - Eslf(S)]| > u) < 2exp (HFT“)

?lleli3

Proof. Consider a function f verifying the properties of Proposition F.5. Paulin (2015, Theorem 2.9) ensures that for a
partition S of S (see Paulin, 2015, Definition 2.3) the following inequality holds

Vu >0, IP’<|f(S’) - E[f(svp > u) < 2exp <”F?(i)|%) (13)

where C(c) is a vector of RY whose i-th element is the sum of the c; such that j is an index of the elements of S,. Taking
the trivial partition $ = S implies that the index of the elements in S; are reduced to {7}. Hence the i-th entry of C/(c) is
equal to ¢; and C(c) = c. By definition of the operator norm (naturally induced by the ¢5-norm), we have

Tc|l2 T[]
[T -cl2= “[lefl2 < sup fleflz < T - [z,
]2 x£0 ||X[|2
=Tl

where the first inequality comes from the fact that ¢ is non-zero (otherwise the only possible f is the zero function which is
2
not of great interest). Using the fact that the function z — exp (72%) is increasing, we obtain

—2u? < —u?
ex —_ ex _—
PUIT<z) = PR ez )’
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which concludes the proof. O

By looking at the definition of the risk ﬁpre( ©®), we can see that applying Proposition F.5 to the function

Ntrain
1
Fr(Su s SNun) = 37— > drv(Pe(- | Sn) Pe(- | Sn)),
train n—1

would lead to the desired bound as we already know S admits a Marton coupling with mixing matrix I'. We investigate in
the next section how to find the bounding vector c to apply Proposition F.5.

F.5.2. FINDING THE BOUNDING VECTOR

Technical lemmas. We first recall the following important notions from (Tsybakov, 2008). Let (£2, F) be a measure space
and consider two probability distributions P, Q defined on (£2, F). For any o-finite measure v on (€2, F) such that P, Q are
absolutely continuous with respect to v, we can define p = 4, g = %9 which can also be written as P(dw) = ¢(w)v(dw)
and Q(dw) = p(w)r(dw). We will adopt both notations interchangeably. It should be noted that there always exists at least
one such measure v as one can take v = IP + QQ. With these notations, the squared Hellinger distance between [P and Q is

defined as ) ,
1E.Q° = [ (Vo) - Va@) ) = [ (VB - V@)

weN

The lemma below shows that the total variation between two probability distributions is controlled from above by the
absolute value of the logarithm of their ratio.

Lemma F.6. Consider two probability distributions P, Q defined on a measure space (2, F) and a o-finite measure
von (2, F). Let p, q be the corresponding probabilities densities, i.e., we have P(dw) = q(w)v(dw) and Q(dw) =
p(w)v(dw), the total variation between P and Q satisfies

drv(P,Q) < (2 /WEQ

If there exists a non-negative constant B such that for any z € (), ‘log 1/ g(é))

1/2
P(dw)

Q(dw)

log

q(w)du(dw))

< B, then we have

dTV(P7 Q) S \/@

Proof. We have the following relation between the total variation and the Hellinger distance (cf. Tsybakov, 2008, Lem. 2.3,
Chapt. 2, p. 86):

drv(P,Q)° < H(P,Q)*- [ 1- H(P,Q)*/4 | < H(P,Q)*, (14)
————

>0

where the last inequality uses the positivity of the Hellinger distance. Inspired by the decomposition of the Hellinger distance
in (Agarwal et al., 2020, Lem. 25), we have
HE.0° = |

(VR - Vai) = [ () + @) - 2B} 0ld)
o (4 » ) 9. (1- P(dw) "
—2(1- [ @) -2 (1- [ [ aw)
_ P(dw) ..
=2 (1 - /MEQ \/ Q(dw)q(w)du(dw)> (by definition of Q(dw))
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P(dw)
=2l </ ()

It follows using Eq. (14)

drv(P,Q)? < H(P,Q)?

q(w)dy(dw)> (using 1 — 2 < —log (x))

c

P(dw) .
<2 —lo w)dv(dw (by Jensen as — log is convex)
| g< @(dw>>q<> (d) y g
P(dw)
<2 —lo w)dv(dw
<|f g< @(dw>>q<> (d)
P(dw) .
<2 —lo w)dv(dw (by Jensen as |-| is convex)
| g< Q(dw)) gle) v () y |
<2 / lo P(dw) (w)dv(dw) (first part of Lemma F.6)
= uca| P\ Y Q@) ) | P |
<B
< QB/ q(w)dv(dw) < 2B. (second part of Lemma F.6)
wel
—_———
=1
This concludes both parts of the proof. O

The next lemma provides a lower bound on the softmax output if its input is upper-bounded (in #;-norm).

Lemma F.7. Let x € R™ be such that |x||1 < c¢1 for some ¢; > 0. Then, we have

1

softmax(u) > ——
x(w) mexp (2¢1)’

where the inequality holds for each component of softmax(u).

Proof. Using the fact that

m

Ixlls =D lxil < en,

i=1
we know that for any ¢ € [m], we have
—c1 <x; < cy.

Hence, using the fact that the exponential is increasing, we have for any i € [m)]
exp (—c1) < exp(x;) <exp(c). (15)

Summing and taking the inverse leads to

m m m
D exp(—e1) <D exp(x;) <> exp(ar)
i=1 i=1 i=1
1
D < =m < =m .
Zj:l exp (c1) Ej:l exp (x;) Zj:l exp (—c1)

Combining Eq. (15) and Eq. (16) yields

(16)
=

exp (—c1) exp (x;) exp (c1)
ST exp(c1) © S exp () © Sy exp (—e1)’
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As we desire a lower bound, we only focus on the left-hand side of the previous inequality. Multiplying the numerator and
denominator by exp (c;) leads to

o) o1

Vi € fml, - softmax(x): = doipexp(xj) — mexp(2er)’

which concludes the proof. While we only need the lower bound of Eq. (16) to obtain Lemma F.7, both bounds can be used,
for instance in Xie et al. (2024, Lemma E.7) and Velickovic et al. (2024, Lemma 2.1) to show that, under a mild assumption
onx € R™, softmax(x) behaves as O(%) when m grows to infinity. O
Upper-bounding the total variation. We now proceed with finding an upper bound on the total variation between the
true probability of the next token and the one estimated by the LLM fg. It will enable us to find the bounding vector c. The
next lemma shows that the input of the softmax layer of the model is bounded.

Lemma F.8. Consider an LLM fo € F. For any input sequence S € R"*™, the following inequality holds
1 (L) 1 T
[ —=WyS*™ 11 < ~[[Wyll2,1,
nT T

where T is the temperature, Wy is the unembedding matrix (which is bounded as stated in the definition of the
parameters space W), and S'F) is the output of the last transformer layer.

Proof. We recall that the layer normalization ensures that at each layer, the tokens are in the unit ¢5-ball. This is, in particular,
the case for the output of the last layer S(%). It means that the columns of S(*) verifies

vk enl, [I8%7l<1, (17)
which implies
max IS, < 1. (18)
1<k<n ’

Recalling that the L, ,-norm of a matrix A € R™*"™ can be rewritten as

SIS
Q=

m n
|Allpg = Z( |Aij|P> = A1)
1

Jj=1 i=
which corresponds to

A2 = Al (19)

j=1

with (p, ¢) = (2, 1). Hence, the ¢1-norm of the last layer before the softmax layer satisfies

T r n T T n
1 1 1
RIS 5) 5 2 sCHEES o)) 3) i e
i=1 |j=1 k=1 i=1 |j=1 k=1
1 T T n
< — Z Z Z WSkl (triangular inequality)
T o ket
1 T n
.
<D D (WIS
i =t
1 T n
< — Z Z||Wz||2 IS kll2 (Cauchy-Schwartz inequality)
i=1 k=1
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T n
1
< )
< or o Wil s 5.4
1 T
< ol 121]?%(” IS. kll2 Z;||Wi||2
1 T
<> IWill
i=1
1 I
<z Z”(WE)HI' 2
i=1
1
< = ||W5 2.1 (by Eq. (18) and the def. of L ; in Eq. (19))
i
where we dropped the subscript and superscript on W, and S(X) to ease the notations. This concludes the proof. O

The previous lemma can be used to show that the logarithm of the ratio between the true probability of the next token and
the one estimated by the LLM fg is upper bounded as a function of the vocabulary size 7', the temperature, the upper-bound
on Wy and some constant related to the ambiguity of language (see Eq. (1)).

Proposition F.9 (Upper-bound on the logarithm). Consider an LLM fg € F with vocabulary size T. We recall that
By is the upper bound on the norm of Wy in the definition of parameter space W, T is the softmax temperature and
co is the constant related to the ambiguity of language (see Eq. (1)). We have

Pr(Xpt1 | Sn) )‘ = 2By ( 1 >
log| =—=—————% || < B=max{log(T) + Jog [ — )
e (pagzt i) < {tog (1) + 222 10g - )}

Vn € [N],

Proof. The main idea of the proof is to bound the probability ratio and use the fact that log is non-decreasing. Let n € [N].
The model fe receives as input sequences of tokens S,, of size n < K. We first lower-bound each term of the probability

ratio. From Eq. (1), we have

Pr(Xpt1 | 8n) = co. (20)
We want to obtain a similar inequality for Pg(X,,4+1 | S»). As the parameters ® of the LLM are in W, we know that
W l2,1 < By. Lemma ES ensures that

B

1 1
|—=WuSHPL, |l < Z[[Wi < =2
nTtT T T

We can then apply Lemma F.7 with ¢; = 22 and given that 2 WS 1, € R, it leads to
Pe(-| Sy) = softmax iWUS(L)]I >_ 1
" nr ") = Texp(2By/7)’
where the inequality holds for each component of Pg (- | S,,). This is in particular the case for Pg (X,,+1 | S, ) which is the
entry we are interested in, i.e., we have

1
]P@(Xn+1 ‘ Sn) > WB[]/T). (21)

Going back to the ratio of probability, consider the situation where we have

Pr(Xpt1 | Sn) -1
P@(Xn+1 | Sn) o

Then, using Eq. (21), we have

1< Pr(Xnt1 | Sn) < 1
Po(X,+1 | Sn) = Pe(Xnt1 | Sn)

39
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which implies, as the log is non-decreasing monotonically,

PL(Xn—Q—l | Sn)
P@(Xn+1 | Sn)

Similarly, consider the case where we have

2By

0 <log < ) <log (T exp (2By /7)) =log (T) + (22)

P,C (Xn+1 | Sn)

<1
]ID@(XnJrl | Sn) N
Then, we have
P@(Xn+1 | Sn) > 17
PE(XnJrl | Sn)
and similarly to above, we can use Eq. (20) to obtain
1 < Pe(Xnt1 | Sn) < 1 < 1

- PE(XnJrl I Sn) - PE(Xn+1 | Sn) CO.

Po(Xnt1 | Sn) 1
<1 — T ) <1 —
0= Og(Pa(Xm—l s ) =8 \& )

Pr(Xnt1 | Sn) 1
< — _LAndl 1 9n) ) < —.
0 < —log (IP’@(X”_H 5 = log % (23)

By definition of the absolute value, combining Eq. (22) and Eq. (23) leads to

PL(Xn-i-l | Sn) )‘ 2By < 1 )
log | ————=% || <max{log(T)+ —,log | — ) }.
‘ g(%(XnH . {log (T) + == log { - |}

This concludes the proof. O

This implies

which also rewrites

We are now ready to upper-bound the total variation.

Corollary F.10 (Upper-bound on the total variation). Consider an LLM fg € F with vocabulary size T. We recall
that By is the upper bound on the norm of Wy in the definition of parameter space W, T is the softmax temperature
and cy is the constant related to the ambiguity of language (see Eq. (1)). For n € [N], we have

2B 1
drv(Pz(- | Sn),Pe(- | Sn)) < \/2 max{log (T') + TU’IOg <Co>} = Co. 24)

Proof. Using Proposition F.9, we can directly apply Lemma F.6 with B = max{log (T') + 2'%, log (i) } forany n € [N].
This leads to

2B, 1
Vn € [N], drv(Pz(-|Sn),Pe(-|S,)) < \/Zmax{log (T) + TU,log () }.
This concludes the proof. O
F.5.3. CONCLUDING THE PROOF

We are now ready to state our main result.

Theorem F.11 (Restatement of Theorem 4.2). Consider an LLM fe € JF with vocabulary size T'. We denote by T the
mixing matrix of the pretraining sequences of tokens (S1, .. .,Sn,,...)- Let & > 0. Then, with probability at least 1 — 0,

= B
Rpre(©) < Rpre(©®) + log (),
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where B is a constant depending on the parameters of the problem. More precisely,

_ 2B 1
B = 2|y /max{log (T) + ==Y, log (C)}.
T 0

Proof of Theorem 4.2. By definition of the risk, we have
1 Nirain train
drv(Pe(- | Sn Sn)
v ( £ ( | ) ( | Ntr'nn
=gn(Sn)

= f(817 LR SNtrain) = f(S)

Rpre(©) =

Ntrain

n=1 n=1

Using Corollary F.10, we know that

19n(Sn)| < \/2max{log<T>+ 2By ,, g<10>} = .

By definition, each sequence of tokens S,, takes its values in V" (again by abuse of notation, n = min{n, K'}) and S takes
its values in V! x ... x YNuain For any two sequences ¢, ¥ with values in V! x ... x VNuainwe have

Nirain
1
f(C) - f(Z) = Nirai Z dTV(Pﬁ(' | Cn)vﬂp@(' | Cn)) _dTV(PE(' ‘ En)aPG(' | En))
e =gn(¢n) —gn (%)
1 Ntrain
= Nevain nzz:l (9n(Cn) — gn(Xn))
1 Nerain
= n(Cn) — gn(Zn))1 (removing the zero terms)
N 2 (00(6n) = 90 (Za) Lt 23 g
1 Nirain
< Nirai Z (gn(Cn) - gn(zn))]l{CngéEn}
rain n=1
1 Ntram
= N 2 [00(60) = an(EaD b,z
1 Ntraln
< Nirai Z ‘gn(Cn) - gn(zn” ]l{C,ﬁéEn}
1 Ntrain
< n(Cn)| + |90 (Zn)| | Lic, 22, (Corollary F.10)
W 2 ()l + 20 1o
<ecz <ca
1 Ntram Ntraiu 2C
2

where ¢y = \/ 2max{log (T') + QBU ,log ( )} As ¢ and ¥ were taken arbitrary, choosing ¢ € R¥wain with all entries

equal to 2 ensures that f verifies the condition in Proposition F.5, i.e.,
Ntrain
YN FO - D) S Y enligrm-
n=1
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We assumed in Section 4.2 that the sequences S,, were related via a Marton coupling with mixing matrix I'. Putting
everything together, we can apply Proposition F.5 which leads to

_ 2
Vu>0, P(f(S)—Es[f(S)]] > u) < 2exp (nrn%) 25)

Let © > 0. We have the following events ordering

(Es[f(S)] = £(S) > u) C (Es[f(S)] = £(S) > u)
= (I1(8) = Es[f (S]] = u).

Hence, as u was taken arbitrary and using Eq. (25), we have

Yu>0, P(Es[f(S)]~ f(S)>u) < 2exp <||r|2||||2>

We recall that by definition
F(S) = Rpe(©) and Ryre(©) = Es [Rpne(©) .

Since the previous inequality holds for any u > 0, we can hence choose u such that

—2u? —2u? ) 1 2
d =2exp () = s = log () — u? = Z|T|?||c||3 log ()
T2 lel3 T2 lel3 2 2 ? g

1 2
— u=—|I|||c log { = ).
5Tty (3)

Using the fact that

Nirain Nirain 2 Ntrain
el : ) c 2¢o c 4¢3 4¢3 2¢y
n—1 Ntram Ntrain V Ntrain

n=1 Ntrain

and using the fact that co = \/ 2max{log (T) + 28 =2t log ( ) } from Corollary F.10, we obtain

- v () - V%”F”F
max 2BU
2||1“||\/ ax{log (T') + 10%( )} 1og<2

Ntrain

d - V Ntrain

where we define

_ 2B 1
B =2||T||y /max{log (T) + ==Y log <c)}
T 0

Putting everything together, we have

P(Rpre(@)—ﬁpre( ) > m log(2>>§5.

Taking the opposite event leads to the following inequality with probability at least 1 —

Rpre(®) < Rpre(© W’ /log

which concludes the proof. O
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F.6. Proof of Corollary E.3

As the layer norm is not applied anymore, each token is no longer in the ¢5-unit ball, and Lemma F.8 does not hold anymore.
We want to provide an analogous lemma for our setting. We first prove the following technical lemmas.

Lemma F.12. The RelLU is a norm-decreasing operator, i.e., we have
VA € R™™,  ||ReLU(A)|11 < [[All11,

where the ReLU is applied entry-wise.

Proof. Recalling that ReLU(z) = max{0, x} is applied entry-wise, using the fact that |[max{0, z}| < |z| and considering
A and A = ReLU(A), we have

1Al =D |Ai,
i

which concludes the proof. O

= > max{0,A; ;}| < > A < AL,
i i

Lemma F.13. The L 1-norm verifies the following property:

VA € R™™ B € R™*?, |

Proof. We have

n

m P n m
(AB);1 => > D> AuBi| <> Y D |AiBy|

j=11i=1 k=1 j=11i=1 k=1

Mﬁ
ok

<.
Il
-
-
Il
-

M”S
M:
Ms
@
"
B
il
ES
Fqﬁ
M:
Ms
=

<
Il
—
.
I
—
—
~
I
—
.
I
—
ES
I
-

m

<nfAfle ZZIBij < nfAlllBll11,

j=1k=1

which concludes the proof. O

Lemma F.14. The Ly 1 and Lo 1-norms verify the following relation

VA € R™™ ||Allcor < ||A]l21-

Proof. By definition of the L, ,-norm, we have

M
2 2 . . .
|A]co1 = 1 nax |A;| = Z 1r£1La<xn\A (as ¢ — x* is increasing)
=
M n M
<D A ABI <D IA 2 < A2,
j=1 \ i=1 j=1
where the first inequality comes from adding non-negative terms. [

We are now ready to state the lemma analogous to Lemma F.8.
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Lemma F.15. Consider an LLM fo € F with L layers. For any input sequence S € R™ ™, the following inequality
holds

1 c
||7TWUS(L)]1nH1 <2
T T

where T is the temperature and cs3 is a constant depending on the parameters upper-bound. More precisely,

3 L
(1+ rmB,Bs) - (1 + THBOBVH - Biok.

Wy is the unembedding matrix (which is bounded as stated in the definition of the parameters space W), and SF) is
the output of the last transformer layer.

Proof of Lemma F.15. Our model fg € F is given as input a sequence S € R”*". With similar computations than in
Lemma F.8, we have

1 1 T T n
EHWUS(L)LLHl = *Z ZWUZS% = EZ > WS

i=1 |j=1 i=1 |j=1 k=1
T r n
1 . . .
s Z Z Z (Wi Sl (triangular inequality)
i=1 j=1 k=1
1 T n 1 T n
< nr Z Z (WS | < oy Z Z”Wz”oousknl (Holder inequality)
i=1 k=1 i=1 k=1
(s Y 1 (L)
< D IWilloo | - [ D_lISkll1 ) < *HW lloo,1IS™ 1,1
T\ 4 nT
i=1 k=1
1
< — W21 lIS%)|11, (Lemma F.14)
nT

where, again, we dropped the subscript and superscript on W and S(X) to ease the notations. We obtain
H*VVUS(L)]l 1 < *HW 2,118 1.1 (26)

As we do not use layer normalization, we want to find another way to bound S| To that end, we will first express SO the
output of the (£)-th layer of the transformer, as a function of S(~1), the output of the (¢ — 1)-th layer. Using the definition
of the transformer model (see Appendix B), we have

‘
Z(i _S(/ 1)+A(S/ 1) W() Wg{)7w§/)7w( ))
YO = wi ReLU(W§“z<f>),
SO =z L y©®,
We will compute each layer’s L; ;-norm.

Step 1: MHA. By definition, denoting the number of heads by H, we know that A(S“*l); Wg), W%), ng), Wg)) €

R™*" multiplies W(©) € R”*" with the concatenation on the rows of the H softmax layers that each writes
T .
softmax (WS)S“) (W%)S(Z’l)) /ﬁ) (W§f>s<f*1>) € R#F X",

We keep the notations ¢ without explicating the index of the head to ease notations. Denoting the concatenation on the rows
by C¥) € R"™*", we have

A8 W Wi W W) 11 = [WECO <7
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<rBo||CY|y.1. (definition of W)
Moreover, by definition of C(z), we have
r r r r/H H H
¢ 0, ,
ICOY =D 3711 =33 >Teh ™ =M, @7)
j=11i=1 j=1i=1 h=1 h=1

where C(&") ¢ R# *" is the softmax matrix of the h-th layer. We recall that the softmax matrix is a row-stochastic matrix
of R# X7 so it has all values lower than 1. In the next computations, we drop the h index on the query, key, and value

matrices to ease the notations. Using Lemma F.13 on the softmax matrix and on the value matrix ng) € R# %", we have

ICEMfy ;= ||softmax<wg)s<f> (Wist-v) /f)( WIS

r
< 0 boftmax(W(e S (W(é ) /f) lloo - H(W(Z )>||1,1
r (O) q(e—1) e ;
< T (WS l11 (the softmax matrix is row-stochastic)
ror ¢ ) T2 )— iti A
< 4 LW NS i < (17) BrlISE Vs, (definition of V)

Combining the previous inequality with Eq. (27) leads to
(0 r’ (¢-1)
IC N1y < 7 Bv[IST Vs
In the end, the multi-head attention norm verifies
JA(SED W W WO W) < T BoBy |80

Using the triangular inequality, we obtain

TB _
1200 < (1+ FBoBy ) - I8¢l e8)

Step 2: FF. We recall that W; € R™*" and W, € R"*"™, Using similar arguments to the above, we have

Y1 = WS ReLU (WO Z) 1.4

<r- HWgZ)||oo||ReLU(W§£)Z(€)) 1,1 (Lemma F.13)

L |\W(£)||oo||W(Z)Z(€)||1 1 (Lemma F.12)
<7 [ Wl [WH oo | 28], (Lemma F.13)
< rmBlBQHZ ||171. (definition of W)

Step 3: output layer. Again, applying the triangular inequality and using the previous inequality and Eq. (28), we have

1SOY11 < NZO 1 + YOy < (14 rmBiBy)[| 2914

3
< (1+ rmB;Bs) (1 T THBOBV> st=
Iterating through the layers, recalling that S(©) = S, we finally obtain
r? o
ISP < [(1 +rmBlBQ)(1 + HBOBV)] 1S]]1.1,
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where S is the input sequence. Combining this inequality with Eq. (26) leads to

L r’ ISlha (1w
HEWUS ]lnHlS (1+TmBlBg) 1+EB()BV T ;HWUHQJ .

Using the fact that each token has a ¢;-norm bounded by Byx. Hence, each column of S is too and we have

*Hslll 1= ZZISUI— Z S. J||1 < Biok-

14i=1 j=1
"= <Bmk

Combining the last two inequalities concludes the proof. O

We can now restate Corollary E.3.

Corollary F.16 (Restatement of Corollary E.3). Consider an LLM fo € F with vocabulary size T' composed of L
transformer blocks and H attention heads. We denote by T' the mixing matrix of the pretraining sequences of tokens
(S1,..-,SNyuin)- Let 6 > 0. Then, with probability at least 1 — 6,

A 2
RPFQ(G) S RPT ( ) W log ( >

where B is a constant depending on the parameters of the problem. More precisely,

_ 2(Be)L 1
B = 2| fmax{ion (7) + 220 1og ()1,
T Co
. B .3 1/L
with Be = {(1 +rmBlBg)(1 + ﬁBoBV)} (Bio B )/~

Proof of Corollary E.3. We first note that the only change from Lemma F.8 to Lemma F.15 is the multiplicative constant
c3 = {(1 + rmB1Bs) (1 + %BOB‘/)} Bio in front of 1 HW |l2,1. In particular, as we know that W C W, we also

have |[W/|2.1 < By. Hence, we can apply the proof of Theorem 4.2 in a straightforward manner by changing % by
cs - %. This concludes the proof. O

E.7. Proof of Theorem 4.3

In this section, we detail the proof of Theorem 4.3. We first recall the problem setup.

Markov chains inputs. In this section, we give as input of the model a single Markov chain X = (Xi,...,Xn,,)
with finite, discrete state space €2 of size d with transition probability P. We assume the X,, are already tokenized and
thus we have  C V. We denote the sequence of tokens the LLM receives by S,, = (Xy,...,X,,) if n < K and
S, = (Xn—K+1,--.,X,) otherwise due to the deletion process (see Definition B.2). In particular, the S,, are elements of
V5. We note that S = (Sy,..., Sy, ) is also a Markov chain (see Appendix F.7.1). By definition of P, we know that for
any n € [Njq), the next token X,, 11 follows the distribution P(- | S,,). We assume that there exists a positive constant pyin
that lower bounds all the transition probability between states, i.e., Vn € [Niq],Vz,y € Q, PXpt1 =y | X, =2) >
Pmin > 0. This is akin to the ambiguity of language constant ¢y considered in the previous section and in Hu et al. (2024);
Wies et al. (2024); Xie et al. (2022); Zhang et al. (2023b).

Next token probability distribution. An important difference with the setting considered in Theorem 4.2 is that here, we
predict a probability distribution on the state space €2 of the Markov chain and not on the vocabulary of the LLM V. To that
end, we restrict the predicted probability given the past tokens S,, to the state space ). Formally, denoting the output of
the last layer of fe by S(¥), the last layer before the softmax outputs a vector u = =Wy S(1,, € RT. We first extract
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the entries of u whose index 7 are such that the i-th element of the vocabulary space V is in (). This can be formalized as
follows. We denote by Iy = (i1 < iy < ... <i4) € [T]? the subset of d distinct elements of [T'] and consider the matrix
M; = e,t-Tj , where e;; € R7 has value 1 at entry i; € [ and 0 elsewhere. Extracting only the d entries of u that corresponds

to the state space yields a vector in R that writes v = %MWUS(L) 1,, € RT. Similarly to Appendix B, the probability
distribution of next token X,, ;1 provided by the LLM fg now writes

1
Po(-|S,) = softmax(MWUS(L)]ln> € Ay
nrt

We aim to obtain a similar generalization bound than in Theorem 4.2 where the reference probability distribution is the
Markov chain transition probability P instead of the probability distribution of language IP. In particular, P will replace P,
in the definition of the risks in Eq. (3). We provide below an overview of the proof before detailing it.

Overview of the proof. We are going to use McDiarmid’s inequality for Markov chains of Paulin (2015, Corollary 2.11).
To adapt their arguments to our setting, we bound the total variation between the true probability of the next token and
the one estimated by the LLM. The rest of this section is organized as follows. First, in Appendix F.7.1, we show that
S = (S1,...,Sn,,) is a Markov chain. Then in Appendix F.7.2, we adapt the concentration inequality of Paulin (2015,
Corollary 2.11). Afterwards in Appendix F.7.3, we show how to bound the total variation between the true and the estimated
probability of the next token. Finally Appendix F.7.4 concludes the proof.

F.7.1. CONNECTION BETWEEN TOKENS AND SEQUENCES OF TOKENS MARKOV CHAINS

We first show that S = (S, ...,Sny,,) is also a Markov chain.

Lemma F.17. Consider a sequence (not necessarily a Markov chain) X = (Xy,...,Xy) with values in 2 and let
S, =(Xy,...,Xp)ifn< Kand S,, = (Xpn—kg+1,- .., Xn) otherwise. Then, the sequence S = (S1,...,Sn) isa
Markov chain with state space 2}, that contains the sequence of elements in §) of length smaller than K.

Proof. By definition of the S,,, we know that they take values in QF. Let 1, ..., 2,1 € Q. We first assume that n > K
and denote s; = (Tp—K41,---,2;). We have
P(Sn+1 = Sp+1 ‘ S, = Snyeeey Sn—K+1 = 5n—K+1)
= P(Sn+1 = Sn+1 | Xn = Tn,--- 7X1'L—K+1 = mn—K—‘rl)
=P(Spt1 = Snt1 | Sn = 8n). (by definition of S,,)
Similarly, we assume n < K and denote s; = (x1,...,x;). We have
P(Sn-i-l = Sp+1 | S, = Sy S = 51)
= P(Sn+1 = 8n+1 | Xn = Tn,y--- ,X1 = ,CCl)
=P(Sp+1 = Sn+1 | Sn = Sn)- (by definition of S,,)
Finally, for n = K, we denote s; = (z1,...,x;) fori < K and sg4+1 = (2,...,Tx+1). We have
P(SK.H = SK+1 ‘ Sn = Sny-- .,SQ = 82)
= P(SK+1 = SK+1 | XK = TKy.-- ,Xl = :L‘l)
=P(Sk+1 =8Sk+1 | Sk = sk)- (by definition of Sg)
This establishes the Markov property for S. [

F.7.2. CONCENTRATION INEQUALITIES FOR MARKOV CHAINS

We first state a concentration inequality for time-homogeneous Markov chains that will be used to obtain our final bound.
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Proposition F.18 (McDiarmid’s inequality for time-homogeneous Markov chains). Let S := (Sq,...,Sx) be a Markov

2
chain with value in a discrete, finite state space Q and mixing time tyix(€). Let tyin = info<c<1 tmix (%) . (%:2) f

f: Q — R is such that there exists c € RY satisfying

N
Y,y €Q, f(x)—f(¥) <D cilxzy}s

=i

then we have for any u > 0,

B(1£(S) - Bs[f(S)]| > u) < 2exp (2“)

e13 - £amin

Proof. We recall that Corollary 2.11 of Paulin (2015) ensures that for such a function f, we have

— 22
P(IF(S) = E[f(S)]] = u) < 2exp <||c||27'>’ (29)
2 min
where T,,;, 1S defined as )
2—¢
min — inf )
n 0%2<1T(€)<1—5)

with 7(¢) being the mixing time of a Markov chain without assuming time homogeneity (see Paulin (2015, Definition 1.4)).
As in our case, we assume the time homogeneity, this inequality in Eq. (29) has to be adapted. Following Remark 1.5
of Paulin (2015), we notice that

Ve € 0,1], 7(2¢) < tmix(e) < 7(e).

2
Let 0 < e < 1. Using the fact that (2 6) > (, the previous inequality ensures

1—¢

0 tu(5) = 70(15) <1n(5) (152)

Taking the infimum on the left-hand side leads to

2 2

inf 7 (c) 2—¢ <t (s) 2—¢
min — 111 3 > mix | § .
7 O§a<1T 1—¢ 2 1—¢

As we took ¢ arbitrary in [0, 1), we can take the infimum on the right-hand side, which leads to

Tmin S tmin~

As the function z — exp ([jﬁi) is decreasing, we finally obtain
2
—2u? ) ( —2u? >
exp| —— | <exp| —5—7]. (30)
(”C”%Tmin ||c||§tmin
Combining Egs. (29) and (30) concludes the proof. O]

Similarly to Theorem 4.2, we want to apply Proposition F.18 to a function f that consists of sums of total variation. We
investigate in the next section how to find the bounding vector c to apply Proposition F.18.

F.7.3. FINDING THE BOUNDING VECTOR

We want to apply the same arguments as in the proof of Theorem 4.2 to find the bounding vector c. The only difference in
terms of setting is the definition of the probability of the next token. Indeed, in our case, we apply an extraction matrix
M € R?XT to recover the d states of the input Markov chain. We first prove the following technical lemma.
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Lemma F.19. Let d < T and consider a subset of d distinct elements of [T] that writes 1 = (i1 <iy < ...<iq) €
[T)4. We denote by M € R™*T' the matrix with rows M; = e , where e;, € RT has value 1 at entry ’LJ €land0

elsewhere. For any vector u € RT, we have
[Mul|; < [[ully.

Proof. By definition of the ¢;-norm, we have

d T d T
HMU||1 :Z|2Mklul ZZ Mklul| <Z|UZ|Z‘MM‘
=1 =1

k=1 l=1 k=1

Moreover, each column of M contains at most one non-zero entry (with value 1). Otherwise, it means that two e;; are
identical (as they only have one non-zero entry with value 1, having it at the same posmon ensures their equality) Wthh
contradicts the fact that the i; where taken distinct. Hence, for all /, we have Z b1 |Mg;| < 1, which concludes the
proof. O

We now prove a lemma analogous to Lemma F.8.

Lemma F.20. Let S € R™*" denote the entry of the LLM fe and S\) denote the output of the last layer before the
softmax. Let d < T and consider a subset of d distinct elements of [T that writes Iqg = (iy < iy < ... <1iy) € [T]%
We denote by M € R¥*T the matrix with rows M; = eiTj, where €;; € RT has value 1 at entry i; € 1 and 0 elsewhere.
Then, the following inequality holds

1 1
— IMWySPL, [y < =W 21
nr T

Proof. Applying Lemma F.19 with the matrix M € R? and the vector =Wy X1, € RT leads to
1 1
— [MWySH1, 1 < —[WuXP 1,
nTt nTt
Applying Lemma F.8 concludes the proof. O
The previous lemma can be used to show that the logarithm of the ratio between the true probability of the next token

and the one estimated by the LLM fg is upper bounded as a function of the number of states of the Markov chain d, the
temperature 7, the upper-bound on Wy, and some constant related to the ambiguity of language (see Eq. (1)).

Proposition F.21 (Upper-bound on the logarithm). Consider an LLM fg € F and an input Markov chain X =
(X1, .., X, ) with d states. We recall that By is the upper bound on the norm of Wy in the definition of parameter
space W, T is the softmax temperature, and Py is the constant related to the minimal transition probability between

states. We have
1
,10g< ) .
Pmin }

Proof. The main idea of the proof is to bound the probability ratio and use the non-decreasing monotonicity of the log. Let
n € [N]. The model fe receives as input sequences of tokens S,, of size n < K. We first lower-bound each term of the
probability ratio. By definition of p,y;,, we have

Vn € [N],

P(Xoi1 | Sn) )‘ _ 2By
lo — = I 2 < B = max{log (d) +
g(Pecxﬂ+l|Sn) {log (d)

P(Xn+1 | Sn) = ]P)(XnJrl ‘ Xn) > Pmin > 0; (31)

where we used the Markov property for the first equality. We want to obtain a similar inequality for Pe (X,,+1 | Sy). As the
parameters © of the LLM are in W, we know that || W/} ||2,1 < By. Lemma F.20 ensures that

1 B
|- MWSE Ly < L [W] s < 22,
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We can then apply Lemma F.7 with ¢; = % and given that TLTMWUS(L) 17 € RY, it leads to
Po(- | S,) = softmax( —MW,S@1, ) >+
" nr ") = dexp (2By/T)’

where the inequality holds for each component of Pg (- | S,,). This is in particular the case Pe (X,,+1 | S, ) which is the
entry we are interested in, i.e., we have

1
FeRnt 190 2 Gop @By /) o

Going back to the ratio of probability, consider the situation where we have

P(Xn-&-l | Sn)

_— > 1.
P@(XnJrl | Sn) o

Then, using Eq. (32), we have

1< IP>(Xn+1 | Sn)
- P@(Xn+1 ‘ Sn) o P@(Xn-‘rl | Sn)

which implies, as the log is non-decreasing monotonically,

P(Xn-i-l | Sn)
PG(XnJrl ‘ Sn)

Similarly, consider the case where we have

< dexp (2By /1),

2By

0 < og ) < tox (dexp (25,/7)) = o (d) + 22 (33)

]P)(-D(Xn+1 | Sn) -

Then, we have
Pe (Xn+1 | Sn)

>1,
IP)(Xn-&-l | Sn) o
and similarly to above, we can use Eq. (31) to obtain
| < Po(Xni1|Sn) _ 1 1

< .
- ]P)(Xn+1 | Sn) o ]P)(Xn+1 | Sn) - Pmin
Po (Xnt1 | Sn)> 1
0 <log ( < log ,
P(X,41 | Sn) Pmin

IED()(nJrl | Sn) ) ( 1 )
0< -1 — | < . 34
- ©8 (P@(Xn-‘rl | Sn) =08 Pmin ( )

By definition of the absolute value, combining Eq. (33) and Eq. (34) leads to

P(X,11 | S0) )‘ 2By ( | )
log [ —————_ )| < max{log (d) + —,lo .
s (P@(XYL+1 ‘ Sn) { g( ) T 8 Pmin }

This concludes the proof. O

This implies

which also rewrites

We are now ready to upper-bound the total variation.

Corollary F.22 (Upper-bound on the total variation). Consider an LLM fe € F and an input Markov chain
X = (Xy,...,Xn,, ) with d states. We recall that By is the upper bound on the norm of Wy in the definition of
parameter space W, T is the softmax temperature, and puiy, is the constant related to the minimal transition probability
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between states. We have

Vn € [N], drv(P(-|Sn),Pe(-|Sy)) < \/Qmax{log( )+ ﬁ ,1o ( ! )} = cy. (395)

Pmin

Proof. Using Proposition F.21, we can directly apply Lemma F.6 with B = max{log (d) + 2B 22U og ( )} for any

n € [N]. It leads to
B 1
v ,log ( )}
Pmin

This concludes the proof. O

Vn € [N], drv(P(-|Sn),Pe(- | Sn)) < \/Qmax{log (d) + 2

F.7.4. CONCLUDING THE PROOF

We are now ready to state our main result.

Theorem F.23 (Restatement of Theorem 4.3). Consider an LLM feo € F. We provide as input of fe a d—state Markov
chain X = (X1, ..., Xn,,)- The sequence of subsequences of the first n terms is denoted by S = (S1,...,Sn,,)- S

2
is also a Markov chain, and we denote by tuix(€) its mixing time. Let tmin = info<c<1 tmix (%) . (f E) Let§ > 0.
Then, with probability at least 1 — §,

S 5 tmin 2
. < 1 . —
Ria(®) < inf {Ria(®) + K(9,©)} + By / o [log (5>,

where B is a constant depending on the parameters of the problem. More precisely,

B= 2\/max{log( )+ ﬁ s (p;n>}.

Proof. Let ¥ € Wy,.. We first benefit from the metric properties of the total variation to decompose the risk.

icl

Nic

Ric1(®) = - ZES [drv(P(- | Sn), Pe(- | Sn))]
< z’dxas [dev(P(- | 82, Po(- | 82)) + drv(Po(- | Su), Pol- | S.))]
< IZE (drv(P(- | 8.), Po(- | S,))
n=1 .
ZES [drv(Ps(- | Sn),Pe(- [ Sn))]
< Ria(?) + K(9,©). (36)

By definition of the risk, we have

Nic

ZdTV Ps(- | Sn)

1cl 101

=gn(Sn)

n

Nirai
Z Sl?"'7SNicl):f(S)'
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Using Corollary F.22, we know that

2B
|gn(Sn)] < \/2 max{log (d) + —U,log (p )} =cy4.
T mln

Similarly to Theorem 4.2, and using the fact that S = (Sy,...,Sn,,) is a Markov chain, we can show that choosing
c € RN with all entries equal to N £ - ensures that f verifies the condltlon in Proposition E.5, i.e.,

Nicl

VS, %, f(S chll{s £3,}
Putting everything together, we can apply Proposition F.18 which leads to
—2u?
min 2
Let u > 0. We have the following events ordering
(Es[f(9)] = £(5) = u) € (Es[f(5)] = £(5) = u) U (f(S) = Es[f(5)] = u)
= (I£(8) = Es[f(9)]] = u).
Hence, as u was taken arbitrary and using Eq. (37), we have
—2u?
V0, PESS] - 1) > 0 < 20 (ors )
min 2
We recall that by definition
F(S) = Rsa (9) and Ryt (9) = Es [Rie (9) .

Moreover, the inequality on the probability holds for any u > 0, we can choose u such that

—2 —2u? 5 1 2
0=2 E— = —— =1 - — 2:7tmin 21 -
P (tmlnCH%) tmmHCH% 8 <2) u 2 ||c||2 0og (6)

1 2
= u=——vmm log (2.
U 7 tminl/Cl|2 0g<5)

Using the fact that

Nicl Nicl 204 2 Nic1 464 264
lell> = ch_ Z(Nid) = Z = =

n—1 1C1 Nial

Using the fact that ¢4 = \/ 2 max{log (d) + 22 log ( )} (Corollary F.22), we obtain

2 f c4 2
V min lo mm lo ( )
\f \% 1(:1 g & d

2m¢max{1og< 2B Jog ( N
: <0

1)
. tmin 2
=B 1 -
Nicl ©8 (6> ’

B = 2\/max{log (d)+ 2

where we define

B 1
2, log ( >}-
Pmin
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Putting everything together, we have

S B, tmin 2
. _TR. > — <.
P(Rlcl(ﬁ) Ria(9) > B4/ No log (5)) <é

Taking the opposite event leads to the following inequality with probability at least 1 —

V mln

Ricl(’l?) ( + B

Going back to the decomposition of the risk in Eq. (36) and rearranging the terms, we obtain

fas =V tmin
Ric1(®) < Rial(¥) + K(©,9) + B

As the left-hand side and the bound function of 53 do not depend on 19, we can put them both on the left side of the inequality
and then take the infimum on 9J. Rearranging the terms to keep only Rlcl (©) on the left side of the inequality leads to

X < mm
Ria(®) < inf {Riaa(®) + K(,©)} + By lcl,/

which concludes the proof. O
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