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Precise and scalable analogue matrix 
equation solving using resistive 
random-access memory chips
 

Pushen Zuo1,2,4, Qishen Wang    2,4, Yubiao Luo1,2, Ruiqing Xie2, Shiqing Wang1,2, 
Zezhi Cheng2, Lin Bao    2, Zongwei Wang    2,3  , Yimao Cai1,2,3  , Ru Huang    1,2,3 
& Zhong Sun    1,2,3 

Precision has long been the central bottleneck of analogue computing. 
Bit-slicing or analogue compensation can be used to perform matrix–
vector multiplication with precision, but solving matrix equations using 
such techniques is challenging. Here we describe a precise and scalable 
analogue matrix inversion solver. Our approach uses an iterative algorithm 
that combines analogue low-precision matrix inversion and analogue 
high-precision matrix–vector multiplication operations. Both operations 
are implemented using 3-bit resistive random-access memory chips that are 
fabricated in a foundry. By combining these with a block matrix algorithm, 
inversion problems involving 16 × 16 real-valued matrices are experimentally 
solved with 24-bit fixed-point precision (comparable to 32-bit floating  
point; FP32). Applied to signal detection in massive multi-input and 
multi-output systems, our approach achieves performance comparable 
to FP32 digital processors in just three iterations. Benchmarking shows 
that our analogue computing approach could offer a 1,000 times higher 
throughput and 100 times better energy efficiency than state-of-the-art 
digital processors for the same precision.

Solving matrix equations Ax = b is central to linear algebra and 
applications such as signal processing1,2, scientific computing3 and 
second-order training of neural networks4,5 (Fig. 1a). In scientific com-
puting, differential equations with continuous variables are converted 
into matrix equations with discretized variables6. When solving inverse 
problems, the outputs are more sensitive to input errors than in regular 
forward matrix multiplication, and thus, high-precision computing is 
required. However, achieving high precision with digital methods is 
computationally expensive, often requiring operations with polyno-
mial complexity (such as O(N3), where N is the matrix size). With the rise 
of applications using vast amounts of data, this creates a challenge for 
digital computers, particularly as traditional device scaling becomes 

increasingly challenging7. In addition, the separation of processor and 
memory in the conventional von Neumann architecture creates a bot-
tleneck for data-intensive computations, further limiting performance 
and efficiency8.

Analogue matrix computing (AMC) with resistive memory arrays 
can be used to accelerate the solving of matrix equations9. A resistive 
memory array can be viewed as a physical matrix, where the conduct-
ance of each device is treated as an element of the matrix. As matrix–
vector multiplication (MVM) is the dominant operation in solving 
matrix equations, replacing the digital synthesis of the MVM process 
with a single resistive memory array (Fig. 1b) should drastically reduce 
computational complexity10,11, and an isolated array with grounded 
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combining several partial results using strategies including bit-slicing 
and analogue compensation23–25. Large-scale MVM operations can also 
be done by using several arrays to map block submatrices26–28. How-
ever, the lack of a distributive law and block matrix method in matrix 
equation solving makes it challenging to address the precision and 
scalability issues of analogue INV29.

One solution is to adopt an analogue–digital hybrid design30–34. 
Previous approaches have incorporated a low-precision itera-
tive MVM-based analogue solver (Fig. 1b) in an iterative refinement 
algorithm35–37, where a floating-point digital computer is used to perform 
high-precision MVM (HP-MVM) operations that converge to an accurate 
result (Fig. 1d). However, this compromise diminishes the benefit of 
analogue computing in reducing complexity and requires analogue–
digital conversion, resulting in only an incremental improvement in 
matrix equation solving performance. A natural upgrade to this scheme 
is to replace the iterative MVM-based solver with a one-step INV solver. 
However, analogue INV operations have been limited to small-scale 

rows has been used to perform MVM in one step12. This approach is, 
however, still limited by discrete iterations and by the conversion 
between the analogue and digital domains.

By setting up closed-loop feedback between the resistive memory 
array and traditional analogue components, such as operational ampli-
fiers (OPAs), the resulting circuit can solve matrix inversions (INVs) in 
one step, without the need for iterations13 (Fig. 1c). This concept has 
been extended to a range of matrix equations14–20. The computing 
process has also been shown to have no dependence on matrix size, 
as the computational complexity within a single array is reduced to 
a minimum21. The in situ computing property of AMC with resistive 
memory can also help overcome the von Neumann bottleneck, thus 
enhancing computing throughput and energy efficiency22.

Despite the potential of this closed-loop analogue approach, 
its low precision remains an issue. Furthermore, the hard wiring of 
the circuit also creates challenges for the scalability of the approach. 
In analogue MVM, the computing precision can be improved by 
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Fig. 1 | AMC circuits for solving matrix equation Ax = b. a, Representative 
applications of solving the INV equation, including signal processing in wireless 
communications, differential equation solving in scientific computing and 
neural network training in artificial intelligence. b, MVM-based iterative 
algorithm for solving the INV equation. The resistive memory array-based AMC 
circuit can perform an MVM operation in one step. The algorithm also applies 
some scalar and vector operations. For high-precision solving, bit-slicing can 
be used by combing the partial results from several MVM circuits, thanks to the 

distributive law in MVM. c, The resistive memory array-based closed-loop circuit 
for solving the INV equation in one step. However, because of the deficiency of 
the distributive law in INV, improving the precision is challenging. d, Mixed-
precision approach for solving the INV equation. This is an iterative refinement 
algorithm, where the digital computer refines the solution accuracy and the 
resistive memory array is used to implement the iterative MVM-based solver,  
with the help of, again, the digital computer.
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circuits with passive resistive random-access memory (RRAM) arrays, 
which is not favoured for foundry fabrication and lacks reliable multilevel 
memory characteristics.

In this Article, we describe a high-precision matrix equation solving 
scheme that is based on fully analogue matrix operations. It uses itera-
tive steps combining low-precision INV (LP-INV) and HP-MVM, thus 
preserving the inherent low complexity of AMC. In particular, the 
analogue INV reduces the number of iterations by providing an approxi-
mately correct result in every iteration. High-precision analogue MVM 
is achieved by bit-slicing23,24. We validate in hardware the BlockAMC 
method38, which solves large-scale matrix equations using block matri-
ces, and use it to solve medium-scale (16 × 16) matrix equations. Our 
system uses high-performance RRAM chips that are fabricated in a 
foundry with a one-transistor-one-resistor (1T1R) cell structure in which 
each cell has eight conductance levels.

HP-INV scheme with analogue matrix operations
The high-precision INV (HP-INV) scheme is illustrated in Fig. 2a. It 
can be viewed as an iterative refinement algorithm, which, however, 
is implemented in the analogue domain. Both LP-INV and HP-MVM 
operations are performed using 1T1R RRAM circuits, configured with 
or without closed-loop feedback connections, respectively. Impor-
tantly, both INV and MVM are performed with well-defined bit resolu-
tion to adapt to multilevel memory technology. This contrasts with 
previous approaches that relied on stochastic approximate mapping, 
which is inconsistent with conventional memory operations39. High 
precision is possible in analogue computing only with a high-precision 
analogue representation of the model parameters40. For solving Ax = b, 
a high-precision copy of matrix A is provided for the MVM, which is 
implemented on a 1-Mb RRAM chip. During the iterations, the LP-INV 
provides the approximate initial solution and successive increments, 
whereas convergence to the target accuracy is ensured by HP-MVM. 
Specifically, matrix A, originally represented in floating-point form, is 
converted into fixed-point digits and sliced into several low-precision 
matrices: A = 20A0 + 2mA2 + ⋯ + 2(n−1)mAn−1. In our implementation, m = 3, 
and the resulting slice matrices are mapped into RRAM arrays. Because 
only 3 bits need to be written per device, the complexity of the hard-
ware mapping is greatly reduced. Recent studies have used more con-
ductance levels, such as >16 levels (equivalent to 4 bits), although 
this improvement comes at the cost of increased programming  
overhead41–43.

The most significant slice matrix A0 is mapped in an RRAM 
array, which is used to constructing the analogue LP-INV circuit. 
All slice matrices are mapped in several RRAM arrays for HP-MVM 
(Supplementary Fig. 1). In each iteration, the INV circuit computes the 
incremental results Δx(k) = A0

−1r(k), where k is the cycle index, r(k) and Δx(k) 
are the circuit input and output, respectively. The initial input is r(0) = b, 
and the solution is updated as x(k+1) = x(k) + Δx(k+1) with x(0) = 0. Inputs 
are provided by digital-to-analogue converters (DACs), and outputs 
are digitized by analogue-to-digital converters (ADCs). Because the 
computation is approximate, low-resolution DACs and ADCs (for exam-
ple, 4-bit) are sufficient. To refine the LP-INV result, the residual error 
r(k+1) = r(k) − Δr(k+1) = r(k) − AΔx(k+1) is evaluated using HP-MVM. Between 
LP-INV and HP-MVM operations, the addition, subtraction and scal-
ing of vectors are also required. Scaling of the matrix and vectors is 
necessary to prevent unintended shifts in RRAM conductance states. 
HP-MVM of AΔx(k) is performed by bit-slicing (Supplementary Fig. 2), 
with slice matrices mapped to several arrays. The digitalized vector 
Δx(k) is likewise sliced and supplied through DACs. Each array executes 
low-precision MVM (LP-MVM), which produces partial results that are 
combined with shift-and-add operations to obtain the final output. 
The residual norm log2 ‖r(k)‖ is then compared with the tolerance 2−t. If 
the condition is not satisfied, the iterations continue until the desired 
precision is achieved. The pseudocode of the algorithm is provided in 
Supplementary Note 1.

Figure 2b shows photographs of the 1T1R RRAM chips used for 
the HP-INV demonstrations. An 8 × 8 array chip is configured as a 
closed-loop LP-INV circuit, and a 1-Mb RRAM chip performs HP-MVM, 
accommodating several slice matrices for bit-slicing operations. Unlike 
conventional memory arrays, the INV circuit requires feedback con-
nections, which prevents the INV design from being scaled directly to 
the 1-Mb chip. The TaOx-based RRAM chips were fabricated on a com-
mercial 40- nm complementary metal–oxide–semiconductor (CMOS) 
platform (Methods)44. The microstructure of the 1T1R array is shown in 
Fig. 2b. Results of current–voltage (I–V) switching characteristics, pro-
gramming speed, state retention and recycling endurance are shown in 
Supplementary Figs. 3–6. Using the write–verify method (Methods)45, 
devices can be reliably programmed into eight conductance states 
spanning 0.5–35 μS, with sufficient read-out margins (Fig. 2c). Notably, 
3-bit programming yields 100% success across 400 tested cells. The 
discrete conductance levels are used to encode slice matrices as 3-bit 
digits (000 to 111). The lowest state, obtained from a strong reset, repre-
sents numerical zero in the LP-INV circuit. To avoid a reliance on a strong 
reset, one more high-conductance state can be introduced, enabling a 
differential encoding scheme where the range from −7 to +7 is covered 
by state differences. This is a standard AMC approach for real-valued 
MVM. The full HP-INV solver system is shown in Supplementary Fig. 7. 
It comprises LP-INV and HP-MVM experimental set-ups controlled by 
a personal computer. The LP-INV circuit is implemented on a printed 
circuit board containing 8 × 8 RRAM arrays, OPAs, analogue switches, 
multiplexers (MUXs), DACs and ADCs. The HP-MVM set-up is a fully 
integrated chip composed of 1-Mb RRAM array, transimpedance ampli-
fiers, ADCs, analogue switches, MUXs and registers (Methods).

An example of an HP-INV solution of a 4 × 4 positive matrix is 
shown in Fig. 2d–f. Matrix A was randomly generated and its elements 
truncated to 12-bit fixed-point numbers. The matrix was then sliced 
into matrices A0:3 (each with a different weight), which are stored in 3-bit 
RRAM arrays (Fig. 2d). Three cycles of analogue LP-INV and HP-MVM 
were performed in sequence, and the results are shown in Fig. 2e. After 
three cycles, the residual error of each element had reduced to the 
order of 10−3 (Fig. 2f). Each LP-INV operation exhibited remarkable 
errors, quantified by the relative error ‖v − v*‖/‖v*‖, where v* and v 
denote the ideal and experimental results, respectively. The average 
relative error of three LP-INV operations was 0.186, corresponding to 
a precision of only ~2.4 bits. Nevertheless, iterative refinement using 
updated residuals progressively improved the solution accuracy, as 
ensured by HP-MVM. The bit-sliced HP-MVM results are summarized 
in Supplementary Fig. 8. For the unsigned 12-bit matrix A and signed 
12-bit input b, a total of 3 × (12/3) × (12/1) × 2 × 4 = 288 LP-MVM opera-
tions were performed, yielding 1,152 elements, each precisely correct.

When solving an INV equation, the condition number is an intrin-
sic factor that governs result precision, as it measures how input 
errors are amplified in the output. For the matrix A in Fig. 2d, the con-
dition number κ = 7.7 yields a solution with a low precision of ~2.4 bits. 
For a better conditioned matrix (κ = 1.6), the LP-INV achieves ~4 bits or 
5 bits of precision (Supplementary Fig. 9). Because the tailored matrix 
A0 is used in analogue INV solving, convergence requires that the spec-
tral radius of I − AA0

−1 be less than 1 (proof in Supplementary Note 2).  
HP-INV experimental results for matrices with various condition 
numbers (κ(A) = 2.5, 5, 33 and 34) are shown in Supplementary Fig. 10. 
Another factor affecting convergence is the programming error of A0, 
defined as the relative mapping error, ‖A0 − A0*‖/‖A0*‖, where A0 and 
A0* are the nominal and experimental matrices, respectively. In the 
experiment, the programming error was measured using a Keysight 
B1500A Semiconductor Parameter Analyzer with high-precision 
ADCs to ensure accurate conductance measurements and reliable 
error characterization. As shown in Supplementary Figs. 11 and 12,  
the convergence rate decreases as the relative mapping error 
increases. These factors contribute synergistically to determining the  
convergence rate.
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HP-INV of real-valued and complex-valued 
matrices
The HP-INV approach can be extended to solving both real-valued and 
complex-valued matrix equations, which frequently arise in applica-
tions such as solving differential equations in scientific computing and 
signal processing in wireless communications. Several methods exist 
for real-valued analogue INV, including column-wise splitting with 
analogue inverters46 and row-wise splitting with conductance compen-
sation47. The most convenient, however, is the bias-column method, 
which shifts the real-valued matrix by a constant: A = A+ − mJ = A+ − mjjT, 
where A+ is a positive matrix that can be mapped in an RRAM array, J is 
the all-ones matrix, j is the all-ones column vector and m is a coefficient 
controlling the shift magnitude. This method uses the same INV circuit 
as in Fig. 2a but requires one more row–column pair48. As the bias is 
usually fixed, it can be replaced with discrete resistors in the peripheral 
circuit. If the matrix is strictly diagonally dominant, the analogue INV 
can be further optimized by splitting off a diagonal term, which can 
also be implemented with resistors: A+ = Ap + nI, where Ap is a positive 
matrix mapped to the RRAM array, I is the identity matrix and n is a 
coefficient adjusting the diagonal. The resulting circuit for real-valued 
analogue INV is shown in Supplementary Fig. 13.

An example of a 4 × 4 real-valued matrix is shown in Fig. 3a. The 
matrix was randomly generated and truncated to 24-bit fixed-point 
representation. In this case, m = 0.4 and n = 2 were chosen to ensure 
the final matrix was positive for the LP-INV operation. HP-MVM was 
performed with the column-wise splitting scheme47. The convergence 
of the HP-INV solving process is shown in Fig. 3b. It achieves 24-bit 
precision after nine cycles. The precision of analogue INV is defined as 
the logarithm of the reciprocal of the relative error: log2 ‖v*‖/‖v − v*‖. 
From this definition, the HP-INV improves at a rate of ~3 bits per cycle, 
determined by the precision of the analogue LP-INV circuit.

Solving complex-valued matrix equations typically involves con-
verting them into real-valued matrices, where the real and imaginary 
parts, Re(A) and Im(A), form submatrices, doubling the matrix size. 
Analogue INV can naturally be combined with the BlockAMC scheme, 
which partitions a large matrix into blocks for scalable AMC-based 
solutions of linear systems38. The block matrices are distributed in 
different arrays, enabling INV or MVM operations without reprogram-
ming. The workflow (Fig. 3c) relies on a sequence of INV and MVM 
operations with block submatrices to recover the original solution. 
Specifically, INV is performed with Re(A) and MVM with Im(A). In the 
original algorithm, a second INV would be required for 
Re(A) + Im(A) Re(A)−1 Im(A). However, due to the approximate nature 
of LP-INV in iterative refinement, this step can be simplified by reusing 
Re(A) instead (Supplementary Note 2). During HP-INV, each LP-INV is 
executed with BlockAMC, whereas HP-MVM is performed using 
bit-sliced submatrices. Intermediate results from Re(A) at steps 3 and 
5 are combined to obtain the LP-INV solution of the expanded 
real-valued system. As an example, Fig. 3d shows a 4 × 4 complex-valued 

matrix expanded into the real-valued form ΩA = [ Re(A) −Im(A)
Im(A) Re(A) ], so 

that this is equivalent to solving an 8 × 8 real-valued INV problem. The 
convergence of HP-INV is shown in Fig. 3e. Across 100 random input 

vectors, solutions generally reached 24-bit precision within ten cycles. 
Compared with the 4 × 4 real-valued case in Fig. 3a, one further cycle 
was required, reflecting the larger matrix size, the use of BlockAMC 
and the approximation with Re(A). Convergence precision is ultimately 
limited by the truncated precision of the matrix elements, as confirmed 
in Supplementary Fig. 14. Furthermore, as the two diagonal block 
matrices of ΩA are identical, that is, Re(A), the same circuit can perform 
both INV operations without reprogramming.

In BlockAMC, several stages of matrix partitioning can be applied 
to handle increasingly large matrices. In Fig. 3f, two-stage BlockAMC is 
used to solve the LP-INV of an 8 × 8 complex-valued (16 × 16 real-valued) 
matrix with 4 × 4 RRAM arrays. In the first stage, INV of Re(A) and MVM 
of Im(A) are performed. For the INV of Re(A), a second stage of Block-
AMC partitions it into four blocks: Re(A1), Re(A2), Re(A3) and Re(A4). 
The intermediate results from INV of Re(A1) and Re(A4) are combined 
to recover the LP-INV solution of Re(A), and the two resulting vectors 
from INV of Re(A) at steps 3 and 5 in the first stage are combined to 
yield the LP-INV solution of the full 16 × 16 matrix. The workflow is 
illustrated in Supplementary Fig. 15. The inverse matrix of the 16 × 16 
matrix was experimentally solved by performing 16 HP-INV operations, 
each with a column vector of the identity matrix as input. The conver-
gence behaviour over ten cycles is shown in Supplementary Fig. 16. 
After ten cycles, the elements of the inverse matrix (Fig. 3g) match the 
ideal solution, with relative errors of the order of 10−7. These results 
clearly demonstrate the scalability of the analogue HP-INV solver for 
real-world applications.

Application of HP-INV to massive MIMO detection
Massive multi-input–multi-output (MIMO) technology is expected to 
substantially enhance the service quality of wireless communication 
systems in the 5G-A and 6G era49. In massive MIMO, the number of anten-
nas at the base station (BS) is far greater than at the user equipment 
(UE; for example, a cell phone). The wireless channel is described by a 
matrix H of size M × K (M ≫ K). In the uplink (UE to BS), signal detection 
is required, whereas in the downlink (BS to UE), signal precoding may 
be applied. Both tasks are performed at the BS, where linear methods 
are commonly used that rely on the inversion of the matrix product 
HHH (with HH being the conjugate transpose of H) or on the generalized 
inverse of H. Because the matrix sizes in massive MIMO are moderate 
and can be readily accommodated in RRAM arrays, this problem is well 
suited to AMC circuits. This direction has recently attracted growing 
attention, but experimental demonstrations remain limited to small 
scales48,50, for example, 4 × 4 or 10 × 5. In addition, due to the limited 
precision of early AMC circuits, the modulation schemes tested have 
been restricted to 16-quadrature amplitude modulation (16-QAM), 
far from what is required in modern applications. Despite this, there 
is still a performance gap between AMC and digital processors. Here 
we demonstrate the HP-INV solver for massive MIMO detection with 
higher precision, larger matrix scales and higher-order modulation 
than previously reported48,50.

We first consider a 16 × 4 MIMO system. A binarized 100 × 100 
image of the Peking University emblem is transmitted in the uplink and 
detected at the BS using the zero-forcing (ZF) method. In Fig. 4a, the 

Fig. 2 | HP-INV with fully analogue matrix operations. a, Schematic of the 
HP-INV scheme, which consists of iterations of LP-INV and HP-MVM operations, 
both of which are implemented by AMC circuits. After initialization, one time of 
low precision is completed, the result of which has an error due to inherent 
problems with the AMC circuit and which can be reduced by high-precision AMC 
MVM. By computing the residual error, we can judge whether a new cycle is 
required. A microcontroller unit manages the scaling of the matrix and vector 
parameters, the shift-and-add operations in HP-MVM, and the addition and 
subtraction of vectors. b, Photographs of foundry-fabricated TaOx-based RRAM 
chips: a 1-Mb chip for performing HP-MVM operations and an 8×8 RRAM array 
used in the analogue INV circuit to perform LP-INV operations. The two chips 
were fabricated with the same process on a commercial 40-nm CMOS 

manufacturing platform. The memory cell adopts the 1T1R cell structure, as 
revealed by the cross-sectional transmission electron microscopy image. c, 
Cumulative distribution function plot of eight conductance states achieved with 
the write–verify method, which allows sufficient read-out margins. d, Example of 
high-precision solving of INV for a 4×4 12-bit matrix A, including the bit-slicing 
results (A0–A3). The most significant matrix A0 is mapped in the LP-INV circuit, 
and all sliced matrices will be stored in the HP-MVM circuits. Note that the 
original matrix A was scaled to perform bit-slicing. e, Experimental results of 
three cycles of LP-INV and HP-MVM. The input vector is b = [0.05, 0, 0.05, 0.025]T. 
f, Convergence of the INV solution. BL, bit line; CDF, cumulative distribution 
function; MCU, microcontroller unit; SL, source line; TEM, transmission electron 
microscopy; TIA, transimpedance amplifier; WL, word line.
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binarized image is vectorized and encoded into a sequence of 256-QAM 
symbols (8-bit strings), grouped into four streams for transmission by 
four UE antennas. Each transmission delivers 32 bits of data to the BS. 
During modulation, each constellation point is encoded with a Gray 

code (Supplementary Fig. 17) to reduce the number of transmission 
errors51. The channel is modelled as Rayleigh fading52, where the ele-
ments of H follow a Gaussian distribution (Fig. 4a). In ZF detection, the 
received signal is recovered as s = (HHH)−1HHy, where y is the received 
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Fig. 3 | Experimental results of real-valued and complex-valued HP-INV 
using BlockAMC. a, HP-INV results for a 24-bit 4 × 4 real-valued matrix. The 
original real-valued matrix is processed with the bias-column method (+mJ) to 
make all entries positive, where m is a coefficient for the shift magnitude and J 
is the all-ones matrix. For a diagonally dominant matrix, the off-the-diagonal 
operation can be performed, which makes the entries uniform when mapped 
to an RRAM array. b, Convergence of the HP-INV solving process. During the 
process, the precision increases by ~3 bits every cycle. At cycle 9, the solution 
reaches the maximum precision, 24 bits. The input vector is b = [0.1, 0.1, 0, −0.1]T. 
c, Explanation of the BlockAMC method. The original matrix is partitioned into 
four block submatrices, and the input and solution vectors are partitioned into 

two subvectors. The solution results are obtained at steps 3 and 5. d, A 24-bit 4 × 4 
complex-valued matrix, which is converted into an 8 × 8 real-valued matrix.  
e, HP-INV results for the complex-valued matrix in d. Here 100 random tests were 
performed by randomly generating 100 input vectors. The red dots indicate the 
average convergence performance. At cycle 10, the solution results reach the 
maximum precision. f, A 24-bit 8 × 8 complex-valued matrix, which is converted 
into a 16 × 16 real-valued matrix. The original matrix is partitioned twice, into 
4 × 4 block submatrices. The INV solution is obtained using the two-stage 
BlockAMC method. g, Results for inverting the 16 × 16 real-valued matrix (inset). 
The relative error is of the order of 10−7 after ten cycles of iteration. Altogether,  
16 single HP-INV operations were performed in calculating the inverse matrix.
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Fig. 4 | Application of HP-INV to ZF detection in massive MIMO. a, Illustration 
of a massive MIMO system with M BS antennas and K UE antennas. As an example, 
a 100 × 100 binarized image of the emblem of Peking University is transmitted 
in the uplink direction of a 16 × 4 MIMO. Each time, each UE antenna transmits 
8 bits of binary data, which is equivalent to a 256-QAM symbol in the in-phase 
versus quadrature plane (I–Q). The signals are transmitted through a noisy 
channel and received at the BS, where the detection process recovers the QAM 
symbol. b, Images recovered by ZF detection. From left to right, the image is 
obtained by the vanilla analogue INV without iterative refinement, HP-INV with 
one cycle of iteration and HP-INV with two cycles of iteration. Notice that, at cycle 
2, the received image is already the same as the original one. c, Constellation 
diagram for 644 256-QAM symbols recovered by ZF detection. The results are 

obtained in a similar way as b. The 644 symbols were uniformly generated for 
testing the performance of ZF detection with HP-INV. Also notice that, at cycle 2, 
all symbols are correctly detected with no errors. d, BER versus SNR curves for 
symbol transmission with 16 × 4 MIMO. The detection results from AMC and a 
FP32 digital processor are compared, for both 256-QAM and 16-QAM. The AMC 
results are obtained by HP-INV (or the vanilla INV circuit), in combination with 
BlockAMC. For both 256-QAM and 16-QAM, two cycles of HP-INV are sufficient 
to match the performance of the digital processor. e, BER versus SNR curves for 
symbol transmission with a 128 × 8 MIMO system. The AMC results are obtained 
and compared in the same way as those in d, but only 256-QAM is considered. The 
performance of HP-INV after three cycles is exactly the same as that of the FP32 
digital processor.
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vector and s is the recovered signal vector, which, ideally, is identical 
to the transmitted one. The most computationally demanding step is 
inverting the Gram matrix A = HHH, a known bottleneck for BS digital 
processors53. Here the HP-INV solver, assisted by one-stage BlockAMC, 
is used to invert the corresponding 8 × 8 real-valued matrix. The itera-
tive results of image recovery are shown in Fig. 4b and constellation 
diagrams in Supplementary Fig. 18. Notably, after only two cycles, 
the transmitted image is reconstructed with full fidelity. As the binary 
image does not span the entire constellation space, uniformly gener-
ated samples were also tested to verify ZF detection performance. 
As shown in Fig. 4c, with just two HP-INV cycles, every constellation 
point is detected correctly without errors. These results demonstrate 
the precisely correct detection of massive MIMO with 256-QAM using 
AMC, thus addressing the long-standing precision bottleneck of ana-
logue computing for reliable signal processing20,48,50,54. They also show 
that, despite its iterative nature, the HP-INV solver converges rapidly, 
thus minimizing the algorithmic overhead and supporting efficient 
signal detection.

To systematically evaluate the bit error rate (BER) versus 
signal-to-noise ratio (SNR), we randomly generated hundreds of sets 
of 256-QAM vectors uniformly distributed as U(0, 255) for the 16 × 4 
massive MIMO system. Each element was transformed to a complex 

value using Gray coding. The SNR is defined as 20 × log10
∥y−

∼
n∥2

∥
∼
n∥2

, where 

∥ y −
∼
n ∥2 and ∥

∼
n ∥2 are the mean-square values of the signal and noise, 

respectively. Channel transmission was modelled as y = Hsx +
∼
n, where 

sx and y are the transmitted and received signals, respectively, and 
∼
n is 

an independent and identically distributed complex Gaussian noise 
vector with zero mean52. For completeness, we also evaluated 16-QAM. 
The BER results are shown in Fig. 4d, which compares the performance 
of HP-INV across iterations with that of 32-bit floating-point (FP32) 
digital computing. For 256-QAM, HP-INV achieves a BER comparable 
with that of the digital approach within only two cycles. At high SNR, 
the BER of HP-INV even surpasses that of the digital baseline, which is 
probably due to statistical fluctuations arising from the limited sam-
pling. For 16-QAM, HP-INV also matches the digital performance within 
two cycles. Notably, although the BER of 256-QAM saturates at a high 
level after the first cycle, in 16-QAM it decreases steadily with SNR, 
indicating that lower precision is sufficient for the simpler 
modulation scheme.

The addressable size of massive MIMO can be scaled up using 
HP-INV with multistage BlockAMC. We applied a two-stage BlockAMC 
for signal detection in a 128 × 8 system, modulated with 256-QAM, by 
solving 8 × 8 complex-valued (16 × 16 real-valued) INV equations. The 
experimental test procedure was the same as for the 16 × 4 system, 
and Fig. 4e shows that HP-INV achieved the same performance within 
three cycles as an FP32 digital processor. These findings highlight the 
promise of combining HP-INV with BlockAMC to enable high-fidelity, 
efficient signal processing for massive MIMO in the 6G era.

Transient response and benchmarking of AMC
The key advantage of AMC is its extreme parallelism, which enables 
matrix equations to be solved in a single step. We experimentally meas-
ured the transient response of the analogue INV circuit. Five representa-
tive results are shown in Fig. 5a. The circuit converges within 120 ns for 
4 × 4 matrices, demonstrating very high speed. As predicted by theory, 
the response depends on the gain–bandwidth product (GBWP) of the 
OPAs and on the smallest eigenvalue of the matrix, λmin, rather than 
on matrix size. Specifically, the time complexity is O((1/λmin) log(1/ϵ)), 
where ϵ is the demanded precision21. For certain cases, such as diago-
nally dominant matrices where λmin is nearly constant, the time com-
plexity effectively reduces to O(1) (ref. 21). The situation for MVM is 
even simpler, as it is essentially a parallel read-out process of several 
memory cells, and the time complexity of a single MVM operation 
can also be considered as O(1). Although the response time of MVM is 

widely expected to reach ~10 ns (ref. 25), our experimental results are 
around 60 ns (Fig. 5b). With bit-slicing, several LP-MVM operations 
can be executed simultaneously owing to the distributive property of 
MVM. Together, these observations indicate that the speed of HP-INV is 
governed by the response times of individual INV and MVM operations 
and the number of iterations required.

The scalability of HP-INV arises from the BlockAMC mechanism, 
which should, however, lead to a non-constant complexity. We analysed 
the numbers of atomic INV and MVM operations needed in multistage 
BlockAMC. Assuming the atomic matrix size is N0, for an exponentially 
increasing matrix of size N, log2 N/N0 stages of BlockAMC are needed. 
As a result, the required number LP-INV of operations increases in 

proportion to ( N
N0
)
log23

 and the number of HP-MVM operations 

increases as 3 ( N
N0
)
2
− 2( N

N0
)
log23

. Although they asymptotically show 

complexities of O(N1.59) and O(N2), respectively, the scaling factor by 
1/N0 greatly reduces the number of operations needed to solve 
real-world problems.

Based on a complexity analysis, we evaluated the scaling behaviour 
of the scalable HP-INV. As HP-INV can achieve the same precision as 
an FP32 digital processor, a direct performance comparison is appro-
priate. We considered a moderate array size of N0 = 32. BlockAMC is 
unnecessary below this size but required above it. A model for estimat-
ing the equivalent throughput and energy efficiency is provided in 
Supplementary Note 3. Both the solution time and energy dissipation 
include contributions from the LP-INV and HP-MVM modules, as well 
as DACs and ADCs. The throughput is estimated by calculating the 
equivalent number of digital operations and dividing by the measured 
solution time. For digital processors, INV and MVM scale with O(N3) 
and O(N2) complexity, respectively. Using experimental data on circuit 
response time and power consumption, Fig. 5c,d compares the scal-
ing of HP-INV throughput and energy efficiency with that of standard 
digital processors: two graphics processing units (GPUs, Nvidia H100 
and AMD Vega 20) and an application-specific integrated circuit (ASIC) 
designed for 128 × 8 massive MIMO signal processing55–57. Because GPU 
throughput scales linearly with core count, we normalize performance 
to that of a single core58,59. The energy efficiency is unaffected by this 
normalization. The ASIC design is particularly relevant, as the size of 
its target system matches our experimental case.

The results show that the throughput of digital processors 
(GPU cores and an ASIC chip) is consistently in the range of few giga 
floating-point operations per second (GFLOPS), which is reasonable 
given that all three are built with only a few million transistors. By 
contrast, the equivalent throughput of HP-INV increases cubically 
due to its constant complexity. At N0 = 32, the performance of HP-INV 
already surpasses that of all the digital processors. In the BlockAMC 
regime, performance growth slows but remains about ×10 higher than 
that of the digital processors at N = 128. The energy efficiency shows a 
similar trend: AMC outperforms all digital processors at N0 = 32 and is 
×3–5 better at N = 128. If larger arrays could be directly supported for 
HP-INV without BlockAMC at N = 128, both throughput and energy 
efficiency would improve by roughly an order of magnitude. We have 
envisioned faster INV and MVM circuits, with response times of 20 ns 
and 10 ns, respectively, which may be achieved using advanced OPAs 
with a higher GBWP20. This benchmarking indicates that such improve-
ments could yield a further ×4 gain in both throughput and efficiency. 
In the best case, AMC could, therefore, deliver up to three orders of 
magnitude higher throughput and nearly two orders of magnitude 
greater energy efficiency than digital processors.

We also evaluated the potential impact of wire resistance on 
the convergence rate of HP-INV. The resistance between two RRAM 
cells along a bit line or source line was estimated to be approximately 
1.73 Ω. We simulated the HP-INV solving process for several LP-INV and 
HP-MVM cycles across matrix sizes from 4 × 4 to 128 × 128. The results, 
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summarized in Supplementary Fig. 19 alongside results for ideal cir-
cuits without wire resistance, show that convergence remains highly 
consistent with the ideal case. Only a slight deviation is observed for 
the largest array (128 × 128), demonstrating the strong robustness of 
HP-INV to wire resistance. As a result, throughput and energy efficiency 
(Fig. 5c,d) are expected to remain largely unaffected.

The estimated results are encouraging. Compared with 
RRAM-based MVM applications, building large-scale INV circuits 
on-chip is more challenging, in that (1) the closed-loop circuit must 
be hard-wired, adding routing and layout complexity; (2) all rows and 
columns of the array must be activated simultaneously, producing large 
currents on the bit and source lines, whereas MVM needs to activate 
only a few lines at a time thanks to its distributive property; and (3) 
noise from circuit parasitics is amplified during the solving process. 
These factors limit the feasible array size of a single INV circuit. Never-
theless, as shown above, arrays of 32 × 32 to 64 × 64 can already deliver 
remarkable gains in throughput and energy efficiency, despite being 
much smaller than typical RRAM-based MVM circuits25 (for example, 
256 × 256). Current demonstrations of LP-INV remain limited to 8 × 8 
arrays, and scaling to larger implementations (for example, 32 × 32) 
will require a dedicated chip design and tape-out verification. For 
such designs, integrating intermediate-scale LP-INV with HP-MVM on 
a single chip would be particularly valuable and should be a primary 
focus for future research.

The high yield rate of our device, both in forming and program-
ming, helps mitigate defects in the RRAM array. To further ensure 
robustness, a ‘confirm’ operation could verify that all devices are in 
the correct state. If defects like stuck-at faults are detected, established 
methods, such as redundant substitution with parallel arrays60, could 
be applied. As this validation is separate from active computation, its 

implementation is identical for both INV and MVM operations. We 
also analysed the area scalability of the HP-INV solver (Supplementary 
Note 4). As the system area is dominated by the ADCs, the total area 
scales linearly with the matrix size. When using BlockAMC, the area 
becomes constant for inputs larger than N0 = 32. Although employing 
advanced OPAs for speed would increase the area—due to the linear 
relation between the area of an OPA and its GBWP—this increase is 
negligible (Supplementary Fig. 20), again because of the overwhelming 
dominance of the ADC area.

Conclusions
We have described a high-precision and scalable analogue matrix 
equation solver. The solver involves low-precision matrix operations, 
which are suited well to RRAM-based computing. The matrix operations 
were implemented with a foundry-developed 40-nm 1T1R RRAM array 
with 3-bit resolution. Bit-slicing was used to guarantee the high preci-
sion. Scalability was addressed through the BlockAMC algorithm, which 
was experimentally demonstrated. A 16 × 16 matrix inversion problem 
was solved with the BlockAMC algorithm with 24-bit fixed-point preci-
sion. The analogue solver was also applied to the detection process 
in massive MIMO systems and showed identical BER performance 
within only three iterative cycles compared with digital counterparts 
for 128 × 8 systems with 256-QAM modulation.

Methods
Fabrication process of the 1T1R array
The TaOx-based RRAM arrays (both 8 × 8 and 1 Mb arrays), realized on 
a commercial 40-nm CMOS manufacturing platform, were embed-
ded between the M4 and M5 metal layers. They incorporate advanced 
structural innovations, such as a tri-heterojunction stack and a 
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Fig. 5 | Benchmarking of AMC against digital processors. a, Transient curves of 
the LP-INV circuit. The matrix in the experiment is Re(A) in Fig. 4. Five individual 
input vectors were tested, resulting in 20 output curves. The average response 
time is about 120 ns. b, Transient curves of the MVM circuit. Again, 20 output 
curves were collected, and the average response time is about 60 ns. Red,  

INV output 1; blue, INV output 2; orange, INV output 3; yellow, INV output 4.  
c,d, Benchmarking of computing throughput (c) and energy efficiency  
(d) of AMC and state-of-the-art digital processors, namely two GPUs and one 
ASIC. The same computing precision (FP32) was maintained for all candidates.
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room-temperature self-formed passivation sidewall. These features 
collectively enable lower switching voltages and improved device 
reliability. The entire fabrication sequence is fully compatible with 
standard CMOS back-end-of-line processing, which avoids the need 
for rare or unconventional materials, thus simplifying production 
and reducing the associated costs. Supplementary Fig. 7 illustrates 
the 1-Mb high-density RRAM chip and the corresponding test system.

Write–verify programming method
The write–verify method, termed ASAP, has two essential phases: 
coarse-tuning and fine-tuning. The coarse-tuning phase is mainly 
focused on swiftly adjusting the cell conductance to approximate the 
desired range, whereas the second phase fine-tunes the conductance 
with higher accuracy within this range. Initially, the ASAP procedure 
sets all cells to a low-conductance state with reset pulses following 
the forming operation. Next, the coarse-tuning phase is carried out by 
applying set pulses with predefined bit-line voltage VBL and word-line 
voltage VWL. These operational parameters are selected based on an 
analysis of the relation between cell conductance σ and VWL. Experimen-
tal tests typically demonstrate that a single coarse-tuning pulse is suf-
ficient to bring most cells into the target conductance range [Ic,min, Ic,max].

Upon completing the coarse-tuning phase, the fine-tuning phase 
begins. In this stage, the step size for conductance adjustment is 
adaptively controlled and updated based on the observed change in 
conductance during previous set and reset cycles. A small change in 
conductance (indicating low ΔI) indicates that the current set and reset 
conditions are inadequate for effective programming. Under such 
conditions, the step size is increased to hasten convergence towards 
the optimal conditions. Conversely, a larger conductance change 
prompts a reduction in step size. This adaptive modulation of the step 
size is key to the ability of ASAP to drastically reduce the multilevel cell 
programming time compared with traditional approaches.

Experimental set-ups
In device characterization, the I–V characteristics, multilevel program-
ming, endurance and retention performance of RRAM devices were 
tested with the Keysight B1500A Semiconductor Parameter Analyzer. 
In the circuit experiments, the printed circuit board for LP-INV contained 
OPAs, DACs, ADCs, analogue switches, MUXs and so on. The OPA on the 
board was an AD823, whose GBWP is 16 MHz, and the source voltage was 
3.3 V. The OPA operated under the single power supply mode. The input 
and output data were transferred between the LP-INV board and the 
microcontroller unit (Arduino Mega 2560). In the circuit transient experi-
ments, we used the RIGOL MSO8104 Four Channel Digital Oscilloscope 
to capture the transient output curves. To enable faster response of the 
circuit, we used an OPA690 instead, whose GBWP is 500 MHz. In addition, 
to prevent the RRAM device conductance from changing, diode pairs 
were used in the experiments to limit the output voltage within the range 
±0.4 V. The HP-MVM circuit was a fully integrated chip, and the input 
could only be binary. As a result, in the HP-MVM experiment, the input 
vector had to be sliced into several single-bit vectors.

Data availability
Source data are available via Zenodo at https://doi.org/10.5281/
zenodo.15387883 (ref. 61). Other data that support the findings 
of this study are available from the corresponding authors upon 
reasonable request.

Code availability
The code used in this paper is available from the corresponding authors 
upon reasonable request.
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